Topic 9 Part 1 /597 marks

la.

1b.

Markscheme

any correct step before the given answer
eg,
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ﬁcngfﬁéorremf:re%weﬂ (Ehwer
es,

Blphis - = 5= = /(@)

Examiners report
[N/A]

Markscheme
METHOD 1

statement and attempted use of the general Maclaurin expansion formula
(or equivalent in terms of derivative values) AIAI

JE{IO) =1;9(0)=0
x/lm}"_ 2 +5 2&
lﬁi"’)l‘l:ﬁ)lijzz_+ 4!

Al
e gftz+5 + + +

demg]and d‘bﬁ*ng b—yt 7 1[111

mflﬁﬁ +3 2 + 24
f@)=1+5+%
Notes: Accept 1,
%nd
ar 1,
7nd

AIAG

AIAG

4 Award A1 if two correct terms are seen.

[5 marks]

Examiners report
[N/A]

[2 marks]

[5 marks]



1c.

1d.

Markscheme

METHOD 1
attempted use of the Maclaurin expansion from (b) M1
- (1+§+%+. . )

. 1-f(z) A
g2~ = S
i1 —2 )

i 2 2

HOD 2

attempted use of L’Hopital and result from (a) M1
limgr . = lim =@
1?11 1) z—0 2
a7y 2
[3 marks]

Examiners report
[N/A]

Markscheme
METHOD 1

use of the substitution

and

“Blan)

el G M
MI)

btaid

AT,
ILE@ ion of an improper integral by use of a limit or statement saying the integral converges

obtain1l Al NO

METHOD 2
JOO(AH;);_ ;dm = [2A) 4y
i evtev)?
Qe ((ﬁ?ﬂ;aezs;fbsutun h (erte)
and
v ©

du =e* —e *dzx
ttempt to integrat

U
tair
Al

_2]%®
iec@;;ﬁition of an improper integral by use of a limit or statement saying the integral converges

obtain1 AI NO
[6 marks]

Examiners report
[N/A]

[3 marks]

[6 marks]



2a.

Markscheme

(i) attempt at chain rule

Al .
1

attendpt at chain rule

Al )
() =
{]ug) ) zlnz
is positive on
!
a2
g(@),
1, oof
)
is increasing on
9) 5

%’nozglks]

(M1I)

(M1)

Examiners report

[N/A]

[5 marks]



2b.

Markscheme
(i) rearrange in standard form:
(A1)
B h o 2l
ﬁ‘fte—gfaﬁﬁgyfactan:z)z’ z>1
N
_ eln((lnac)z)
(AI)

= (o) .
multiply by integrating factor (M1)

(lnw;%—l—m%y:%c—l

z‘%{lﬂﬁﬁal@eg—ra?& - Mfor y(Inz)? = [2z — 1d:c)

(ln:c}jy =z’—z+c
Az —z+c

%/ii): (ateept to use the point

to determine c: M1
e, €2
8,

or
(lne)?e? =e? —e+c
e%r: e’—etc
(lne)2
e? jf —e+c
c=¢
AG

T°—x+e

glﬁ (nz)?
¥y

50

30

20+

10+

1T 1 17 71 1
1 2 3 4 5 6 1°%

graph with correct shape Al

0

minimum at
(accept answers to a minimum of 2 s.f) Al
gs;mp}tote shown at

Al

m=1

Note: y-coordinate of minimum not required for A1;

Equation of asymptote not required for AZ if VA appears on the sketch.

Award A0 for asymptotes if more than one asymptote are shown

[12 marks]

[12 marks]



Examiners report
[N/A]

Markscheme

(@)

Al
— 1
b(nfll 3n+

c¢(n)=3n+2

Note:

and

bl’{’l,gi be reversed.
c(n

[2 marks]
(b)  consider the ratio of the

and

1 th
7grrJ'lrls:) Ml

nth

3n+1 3n+2 s
3ntg] 3n+5 @
. 3n+1 % 3n+2 !

radiof con¥ergenct:
Al

i may

4 marks]

(c) any attempt to study the series for

T

or

b

goiverges for

by comparing with p-series

;‘;@F_hpt to use the alternating series test for
(M1I)

= =ll

Note: At least one of the conditions below needs to be attempted for M1.

and terms decrease monotonically in absolute value A1

[terms| ~ L — 0

series convérges for
R1

z=—1

mterval of convergence:
Al

[71, 1}

Note: Award the R1Is only if an attempt to corresponding correct test is made;
award the final A only if at least one of the R1s is awarded;

Accept study of absolute convergence at end points.

[6 marks]

Examiners report
[N/A]

[12 marks]



4a.

Markscheme

li 1‘12 (-2 +22° + z) = lim (az +b)
z— z—1t
i)

2el=q+bh

differentiability: attempt to differentiate both expressions M1

}’ (z) =e* (2z* — 423 — 5z? + 4z + 1)
I @h=e

Eaiitlie

in both expressions and equate

Al

su %EI:UE 3alue of

and find

* MIAI

7y
Smae;'ks]

Examiners report
[N/A]

[8 marks]



4b.

Markscheme

(i)

/(fOI‘ —z? 4 & 2
f(%lze (22* —42® —52% +4x+1)
T

Ié(ollle’:s {l'ge;)%e):m statement (A1)

by Rolle’s Theorem,

has a zero in
!

7@y

Lﬁla 1[ 9 9 9
ence quartic equation has a root in

AG
Lrl,l{
i) * let

%m =224 423 522 f 4z +1
g(5y=9(1) <0
gS(O) >0

is a polynomial function it is continuous in

gand

-1,0

)

go, 1]

or

is a polynomial function continuous in any interval of real numbers)
ﬁlen the graph of

must cross the x-axis at least once in

9 R1

—1,0

lancli' ’at[least once in

}9’111[11rks ]

Examiners report

[N/A]
Markscheme
EITHER

%;ie;@céngqg%nt Al

the given series is therefore convergent using the comparison test AG
OR
MIAL

n2+3n
t}aengiv%n series is therefore convergent using the limit comparison test AG
b

[2 marks]

Examiners report

[7 marks]

[2 marks]

Most candidates were able to answer part (a) and many gained a fully correct answer. A number of candidates ignored the factor 2 in

the numerator and this led to candidates being penalised. In some cases candidates were not able to identify an appropriate series to

compare with. Most candidates used the Comparison test rather than the Limit comparison test.



[9 marks]
Markscheme

(@)

_ e +2 _
fe s seqénce 1s2dec?c(§s)1ng (a3 teri‘h(s e’}.re posmvej1 Al

Note: Accept reference to the sum of a constant and a decreasing geometric sequence.

Note: Accept use of derivative of
(and condone use of n) and graphical methods (graph of the sequence or graph of corresponding function
f(r raf hb’f its derivative

p

]é/

Accept a list of consecutive terms of the sequence clearly decreasing (eg

).
0.8678..., 0.77067. ..,

[3 marks]

(b)
MIAI

B = Im i3 =441 x0=4
©)

Ml
THER [} 4(2)" 4|

(A1),
= ((j)) > 500
o> 20.25. ..

((A})(A 500
:>n>2025 .

Note: A/ for correct inequality; A/ for correct value.

THEN

therefore

Al
ZZX ita%‘llcs ]

Examiners report

Most candidates were successful in answering part (a) using a variety of methods. The majority of candidates scored some marks, if
not full marks. Surprisingly, some candidates did not have the correct graph for the function the sequence represents. They obviously
did not enter it correctly into their GDCs. Others used one of the two definitions for showing that a sequence is increasing/decreasing,
but made mistakes with the algebraic manipulation of the expression, thereby arriving at an incorrect answer. Part (b) was less well
answered with many candidates ignoring the command terms ‘show that’ and ‘find” and just writing down the value of the limit.
Some candidates attempted to use convergence tests for series with this sequence. Part (c) of this question was found challenging by

the majority of candidates due to difficulties in solving inequalities involving absolute value.



Markscheme
(a) let

wﬁ) :Az 3_1/

12) 1) +0.2£(1, 2) (= 2 +0.1656. ..)

f21‘461§

y(1.4) = 2.1656. .. +0.2f(1.2, 2.1256...) (= 2.1656. . .

Note: M1 is for attempt to apply formula using point

(1.2, y(1.2))

Al
=2.3197. .

y((]361% Zﬁlg . +0.2£(1.4, 2.3197...) (= 2.3297...

[ 7 marks]

(b)

™1
y M:f:>——v+m—

dx A1m+\/_ D
:>X¢ Hz\/v (as z > 0)
13 Barks] T

(¢) (@

év—i—x—:

dv_ v

d”MI A _vl+f ® qv = 1do

1{ Ve —v,/v
L

2 _lnv=1 C
7 nv=Inzx +

Note: Do not penalize absence of

atct’his stage; ignore use of absolute values on \(v\)and \(x\) (which are positive anyway).

2 Ae_lli ln— ;n:chC

T it

Y

leé\/——ln2:O+C’
= —ln— Inz ++/2 —In2

2\flfln—flnxf\/2+ln2=0

(lzﬁflnyﬂ/iJrlnz:o)

)
2 ﬁ—ln_ Inl.6—+2+1n2=0

Examiners report

+0.1540. .

+0.1448..

)

)

[19 marks]

Part (a) was well answered by most candidates. In a few cases calculation errors and early rounding errors prevented candidates from

achieving full marks, but most candidates scored at least a few marks here. In part (b) some candidates failed to convincingly show

the given result. Part (c) proved to be a hard question for many candidates and a significant number of candidates had difficulty

manipulating the algebraic expression, and either had the incorrect expression to integrate, or incorrectly integrated the correct

expression. Many candidates reached as far as separating the variables correctly but integrating proved to be too difficult for many of

them although most realised that the expression on v had to be split into two separate integrals. Most candidates made good attempts

to evaluate the arbitrary constant and arrived at a correct or almost correct expression (sign errors were a common error) which

allowed follow through for part b (ii). In some cases however the expression obtained was too simple or was omitted and it was not

possible to grant follow through marks.



8b.

8c.

Markscheme

integrating factor 1A1
9 9 efMEdt — e~ Int (: l)
AlA1 t

— 2 _ 2
%—f—t—zdt—?—i-c

Note: Award A1 for and A1 for.
z

2
¢ ;T ¢

AG

r=2+ct
[4 marks]

Examiners report

This was generally well done. Some candidates did not realize coulgj be simplified to 4

Markscheme
given continuity at
=5
M1A1

5c+2=16—38 =¢=1
[2 marks] 5 5

Examiners report

This part was well done by the majority of candidates.

Markscheme
(i) Al
2

(ii) anyvalue Al
> 16

Note: Accept values less than if fully justified by reference to the maximum age for a dog.

16
[2 marks]

Examiners report

This part was well done by the majority of candidates.

[4 marks]

[2 marks]

[2 marks]



[2 marks]
Markscheme

A1l for 4 parallel straight lines with a positive gradient A1

A1l for correct
intercepts Al

YZ marks]

Examiners report

Some candidates ignored the instruction to prove from first principles and instead used standard differentiation. Some
candidates also only found a derivative from one side.



9c.

[3 marks]
Markscheme

A1 for passing through with positive gradient less than

2
A1 for stationary point on’

= ¥z
A1l for negative gradient olr/1 both of the other isoclines Al1Al1A1l

2
[3 marks]

Examiners report

Parts (b) and (c) were attempted by very few candidates. Few recognized that the gradient of the curve had to equal
the value of on the isocline.

[1 mark]
Markscheme

The isocline is perpendicularto  R1

[1 mark]



9d.

10a.

Examiners report

Parts (b) and (c) were attempted by very few candidates. Few recognized that the gradient of the curve had to equal

the value of on the isocline.

Markscheme

(M1)(A1)
Yni1 = Yn + 0.1(y, — 22,) (= 1.1y, — 0.2z,)

Note: Also award M1A1 if no formula seen but is correct.
Y2

(M1)
Yo A:11, y1 = 1.1, yo = 1.19, y3 = 1.269, y4, = 1.3359
Y5 = 1.39 to 3sf

Note: M1 is for repeated use of their formula, with steps of .
0.1

Note: Accept or only.
1.39.4
[4 marks]

Total [10 marks]

Examiners report

[4 marks]

Those candidates who knew the method managed to score well on this part. On most calculators a short program can
be written in the exam to make Euler’s method very quick. Quite a few candidates were losing time by calculating and

writing out many intermediate values, rather than just the and values.

Ty

Markscheme
A1AG

r=—z2, §=-L1

[1 mark] 1+a?

Examiners report

Most candidates picked up this mark for realizing the common ratio was .

[1 mark]



[4 marks]

10b.

Markscheme

1 _ 2 4 6
—— =1—ax"+ax*—a®+...
EITHER

M1
f lzzdm:fl—mz—i—m‘l—wﬁ—i—...dm
- 2 2
arctanz =c+ < 3+5 7—1—...
Note: Do not penalize the absence of
at this stage.
c
when we have hence MI1A1
r=0 arctanb==@a

OR

zM.‘iAlAl . ) . 6
Jo fpdt=fy 1-+t - +...dt
Note: Allow

as the variable as well as the limit.
T
M1 for knowing to integrate, A1 for each of the limits.

Al z

Larctant]m = [t— R —I—}

ence AG o5 T 1o

arctanr = — & + L — L 4 |
[4 marks] 3 5 7
Examiners report
Quite a few candidates did not recognize the importance of ‘hence’ in this question, losing a lot of time by trying to
work out the terms from first principles.
Of those who integrated the formula from part (a) only a handful remembered to include the “ term, and to verify that
this must be equal to zero. +c
10c. [4 marks]
Markscheme
applying the to the function on the interval M1
MVT f [z, y]

f(yf‘—%‘(z) = f'(c) (

7 for some ¢ €|z, y[)
fly)=F(z) l
——= >0 (as f'(c)>0
= (as /() > 0)
— flz) >0asy> =z
fly o f(@) y
= f(y) > f(z)
Note: If they use
rather than they should be awarded M1AORO, but could get the next R1.

98 c
[4 marks]

Examiners report

Most candidates were able to achieve some marks on this question. The most commonly lost mark was through not

stating that the inequality was unchanged when multiplying by .
y—rasy><x



10d.

10e.

[4 marks]

Markscheme

(i) Al

_ g(z) =z —arctanz = ¢'(z) =1 — ——
this is greater than zero because 1R1 1+
<1

so AG 1+a?

! (z 0
(i) <( iS a continuous function defined on and differentiable on with on forall)

0, b 0, blg’
(If the'('r]\)from part(c) M1 [0, 8] 10, blg' (#9560 b € R

ze[0,b xz) > g(0

z € [0, b] g(z) > g(0)

ic— arctanz > 0 = arctanx < =

as

can take any positive value itis true for all

AG

x>0
[4 marks]

Examiners report

The first part of this question proved to be very straightforward for the majority of candidates.

In (ii) very few realized that they had to replace the lower variable in the formula from part (c) by zero.

[5 marks]
Markscheme
let M1
(is @(@n?mﬁmﬁcﬁoégaéﬁr%; on and differentiable on
With [0, b]
16r ]
f'(z) >0
](:}Abi I
h(x) = - —(1—=z
_ li'l)l(ﬂ}z%-)‘—&{»zz) _ ot
hence 1+R1 1+a?
h’(Am‘):>{fBr z € [0, b)) h(z) > h(0)(=0)

= arctanz > x — B

Note: Allow correct working with .

h(z) =z — £ —arctanz
[5 marks] 3

Examiners report

Candidates found this part difficult, failing to spot which function was required.



10f. [4 marks]

Markscheme

use of M1,

- L <arctanz <z
choice of 3A1

1

r= —
1M11 \/g 1
4 L s 1
VBAL 95 ~6 3

_8 ™ 1

0 6 <3

Note: Award final A1 for a correct inequality with a single fraction on each side that leads to the final answer.

AG
16 6

<
[4/marks] V3
Total [22 marks]

Examiners report

Many candidates, even those who did not successfully complete (d) (ii) or (e), realized that these parts gave them the
necessary inequality.

11. [7 marks]

Markscheme
Al
I Qhia
f'((ﬂlﬂ\)’17 —e “cosz —e “sinz +1
f’(R} =0
f"(x) =2e *sinz
=0

0
f®)(z) = —2e*sinz + 2¢ % cos

tf(3)f(0) =)
he first non-zero termis Al
3! T3

Note: Award no marks for using known series.

[7 marks]

Examiners report

Most students had a good understanding of the techniques involved with this question. A surprising number forgot to
show . Some candidates did not simplify the second derivative which created extra work and increased the chance of

errorsfk{@i)w?ngade.



12a.

12b.

[3 marks]
Markscheme
METHOD 1

1, MIM1AL .
dz v = [f(z)de + 1 f(z)

a;d—i/—i—y:f( z), x>0

Note: M1 for use of product rule, M1 for use of the fundamental theorem of calculus, A1 for all correct.

METHOD 2

;/ f()

szA
xyA_Gf f(:c)d:E

ok

Examiners report

This question allowed for several different approaches. The most common of these was the use of the integrating
factor (even though that just took you in a circle). Other candidates substituted the solution into the differential
equation and others multiplied the solution by and then used the product rule to obtain the differential equation. All
these were acceptable. z

[5 marks]

Markscheme
AlAl

1 1
Y= ;(2x2 +c)

Note: Al for correct expression apart from the constant, A1 for including the constantin the correct position.

attempt to use the boundary condition M1

Al
c=4
Al

= L1(203 +4)
z
Note: Condone use of integrating factor.
[5 marks]
Total [8 marks]

Examiners report

This was a straightforward question. Some candidates failed to use the hint of ‘hence’, and worked from the beginning
using the integrating factor. A surprising number made basic algebra errors such as putting the term in the wrong
place and so not dividing it by . +c

X



13a.

Markscheme
METHOD 1
Al
(gonv)éi@ééﬂ A1 e’ (forn > 3)
Qgéjh@ comparison test ( eon\{erges implies) wnverlges R1
n=2 e n=2 @ L)

Note: Mention of using the comparison test may have come earlier.

Only award R1 if previous 2 Als have been awarded.

METHOD 2

&”Zl"" T hm — —0
’l’L—)OO

[3 marks]

m@tl‘vé limit comparison test (if the limitis and the series represented by the denominator converges, then so does the

series represented by the numerator, henBe) 6onverlges R1

2
g In(n)

Note: Mention of using the limit comparison test may come earlier.

Do not award the R1 if incorrect justifications are given, for example the series “converge or diverge together”.

Only award R1 if previous 2 Als have been awarded.

[3 marks]

Examiners report

In this part the required test was not given in the question. This led to some students attempting inappropriate
methods. When using the comparison or limit comparision test many candidates wrote the incorrect statement

converges, (p-series) rather than the correct one with . This perhaps indicates a lack of understanding of the corngepts

involved.



13b.

[8 marks]

Markscheme

(i) consider Al L
=—— (forz>1
is continuous]a:nd positither 1(1 )

a3
and’is (monotonically) decreasing Al

Note: If a candidate uses rather than, award as follows

n
islpositive and decreasing AlAl

1iSliEEntinuous for A1 (only award this mark if the domain has been explicitly changed).
nelR, n>1

nlnn
(ii) consider RM1
L_dz
(M1)A1 " 2 zhnz
= [la(in )]

—o00as R — oo
hence series diverges A1l

Note: Condone the use of in place of .
00
Note: If the lower limitis not equal to, but the expression is integrated correctly award MOM1A1ROAO.
2
[8 marks]
Total [17 marks]

Examiners report

(i) Candidates need to be aware of the necessary conditions for all the series tests.

(ii) The integration was well done by the candidates. Most also made the correct link between the integral being
undefined and the series diverging. In this question it was not necessary to initially take a finite upper limit and the use
of was acceptable. This was due to the command term being ‘determine’. In g4b a finite upper limit was required, as
theéd@ommand term was ‘show’. To ensure full marks are always awarded candidates should err on the side of caution
and always use limit notation when working out indefinite integrals.



14a.

[7 marks]

Markscheme
(i) Al
f(z) = 3z% + 6z
gradientof chord A1
=1
303—.01— 6c=1
o A’%f‘/g (= —2.15, 0.155)

Note: Acceptany answers that round to the correct 2sf answers .
(—2.2, 0.15)

.-’-4-’

_-f

o~ I ’J-- 2
.-"/ l\/,—""4
3 -2 -1 0

(if)

L V _ /!_1

——
_"_H.
T —4

-
e

-~

award A1 for correct shape and clear indication of correct domain, A1 for chord (from to ) and A1 for two tangents

drawn at their valuesof Al1AlAl T = =31
@

[7 marks]

Examiners report

(i) This was well done by most candidates.

(ii) This was generally poorly done, with many candidates failing to draw the curve correctly as they did not
appreciate the importance of the given domain. Another common error was to draw the graph of the derivative rather

than the function.



14b.

15a.

[9 marks]

Markscheme
(i) METHOD 1

(if a theorem is true for the interval , itis also true for any interval which belongs to)
[a, O] [1, @5] [a, b
suppose M1

z1, T2 € |a, b]
by the , there exists such that M1A1f(m )= (1)
mvrT c fl(c)=="2—="-=0

hence R1 Ty—T1

(z2)

T1) = fl@
as areJ;(rbllt)rariI{/cchosen, is constant on
T1, T2 f(z) la, b]

Note: If the above is expressed in terms of and award MOM1AORO.
a

METHOD 2

(if a theorem is true for the interval , it is also true for any interval which belongs to)
a, 8] @1, 2] [a, b)
suppose M1

z € [a, b]
by the , there exists such that MI1A1
MVT ¢ filo) =858 _ g
hence constant R1 ra
. z) =fla) =
(ii) attemptto differentiate M1
(z) = 2arccos x + arccos(1 — 2z2)

AlA1
_9 1 - —4z

All-2> \/17(17212)2
— 1 2 4z =0

V1—a2 Ax?—4xt
Note: Only award Al for if a correct attempt to simplify the denominator is also seen.
0
AlAG

fle)=f0)=2xZ+0=m

Note: ThisAl is not dependenton previous marks.

Note: Allow any value of .
z €0, 1]
[9 marks]

Total [16 marks]

Examiners report

(i) This was very poorly done. A lot of the arguments seemed to be stating what was being required to be proved, eg
‘because the derivative is equal to 0 the line is flat’. Most candidates did not realise the importance of testing a point
inside the interval, so the most common solutions seen involved the Mean Value Theorem applied to the end points. In
addition there was some confusion between the Mean Value Theorem and Rolle’s Theorem.

(ii) It was pleasing that so many candidates spotted the link with the previous part of the question. The most common
error after this point was to differentiate incorrectly. Candidates should be aware this is a ‘prove’ question, and so it

was not sufficient simply to state, for example, .
=T

[3 marks]
Markscheme

dy Mly 1 1

o AL = [;dy=[1d=z
=Iny=Ilnz+c

=lpy =Inz +Ink=Inkz

3 MarksF



15b.

15c.

15d.

Examiners report

This question allowed candidates to demonstrate a range of skills in solving differential equations. Generally this was well done with
candidates making mistakes in algebra rather than the techniques themselves. For example a common error in part (a) was to go from

to
Iny=Inz+c

y=x+c

[4 marks]
Markscheme

A1
yozva::>—w:v+m—z

:>md—”:O:>%:O (asz #0)
:Afk
[ iwari§] (= v = kz)

Examiners report

This question allowed candidates to demonstrate a range of skills in solving differential equations. Generally this was well done with
candidates making mistakes in algebra rather than the techniques themselves. For example a common error in part (a) was to go from

to
Iny=Inz+c¢

y=z+c

[5 marks]
Markscheme
(M1)
dy o
ﬁf&éf;&lg} =l 1

1dy

T z2y=0
iy
Al: —

=
ﬁrﬂﬁrl‘k’s]_‘ k (=y=kz)

Examiners report

This question allowed candidates to demonstrate a range of skills in solving differential equations. Generally this was well done with
candidates making mistakes in algebra rather than the techniques themselves. For example a common error in part (a) was to go from

to
Iny=Inz+c¢c

y=z+c

[1 mark]
Markscheme
Al

20 =2k = k=10 s0y(5) =10 x 5 = 50
[1 mark]

Examiners report

This question allowed candidates to demonstrate a range of skills in solving differential equations. Generally this was well done with
candidates making mistakes in algebra rather than the techniques themselves. For example a common error in part (a) was to go from

to
Iny=Inz+c

y=x+c



16a.

Markscheme
using
zp =19 =1
(MI)MI)AI)
Riote: 1%y B ot whitidn oW S orHlac but have
and

T
y = 1.14142. ..

gives by GDC

(MI)(Al)
:Srdo = 2, Yo = 2.770114792. ..

Al N6
ﬂlﬁe%’ (9 %1&4 S‘é)rkalize over-accuracy.

[6 marks]

Examiners report

Part (a) was done well. We would recommend that candidates write down the equation they are using, in this case,

[6 marks]

, to ensure they get all the method marks. Beyond this the answer is all that is needed (or if a student wishes to show working, simply

el = n—|—0.1«,/a: + Y,
:gaéﬁ of gle value¥ of &

and

mn . . .. . . . . .
) . Many candidates wasted a lot of time by writing out values of each part of the function, perhaps indicating they did not how to do

%{"more quickly using their calculators.

Part (b) Surprisingly when drawing the graph a lot of candidates had (0.01, 2.8099) closer to 2.80 than 2.81
Most realised that the best possible estimate was given by the y-intercept of the line they had drawn.



16b

16c.

| [3 marks]
Markscheme

1.6 [y

1-%4 T

Zv'j‘\ . =y came

2-7¢ fiit - : B

h'd

points drawn on graph above AIAIAI

Note: Award A1 for scales, A1 for 2 points correctly plotted, A1 for other 2 points correctly plotted (second and third A1 dependent

on the first being correct).

[3 marks]

Examiners report

Part (a) was done well. We would recommend that candidates write down the equation they are using, in this case,

, to ensure they get all the method marks. Beyond this the answer is all that is needed (or if a student wishes to show working, simply
Ytk ot e Vatued o2 T

and
Sc."Many candidates wasted a lot of time by writing out values of each part of the function, perhaps indicating they did not how to do
?t"more quickly using their calculators.
Part (b) Surprisingly when drawing the graph a lot of candidates had (0.01, 2.8099) closer to 2.80 than 2.81

Most realised that the best possible estimate was given by the y-intercept of the line they had drawn.

[1 mark]
Markscheme

suitable line of best fit placed on graph A1
[1 mark]



16d.

17a.

Examiners report

Part (a) was done well. We would recommend that candidates write down the equation they are using, in this case,

, to ensure they get all the method marks. Beyond this the answer is all that is needed (or if a student wishes to show working, simply
Ytk ot e Vatuel ot T

and

S%Many candidates wasted a lot of time by writing out values of each part of the function, perhaps indicating they did not how to do
?t"more quickly using their calculators.

Part (b) Surprisingly when drawing the graph a lot of candidates had (0.01, 2.8099) closer to 2.80 than 2.81

Most realised that the best possible estimate was given by the y-intercept of the line they had drawn.

[2 marks]
Markscheme

letting

we approach the y intercept on the graph so  (R1)
Y

c~2814 (3d;2))
Note: Accept 2:815.

[2 marks]

Examiners report

Part (a) was done well. We would recommend that candidates write down the equation they are using, in this case,

, to ensure they get all the method marks. Beyond this the answer is all that is needed (or if a student wishes to show working, simply
e R

and

??Many candidates wasted a lot of time by writing out values of each part of the function, perhaps indicating they did not how to do
%{nmore quickly using their calculators.

Part (b) Surprisingly when drawing the graph a lot of candidates had (0.01, 2.8099) closer to 2.80 than 2.81

Most realised that the best possible estimate was given by the y-intercept of the line they had drawn.

[3 marks]
Markscheme
Al

lim LH leda: = lim [%1} "
Hﬁ%l H—o00 a

q -1 1
Jim (5 +2)
_1
3 (rlnarks]

Examiners report

Most candidates correctly obtained the result in part (a). Many then failed to realise that having obtained this result once it could then

simply be stated when doing parts (b) and (d)



17b. [3 marks]

Markscheme

as

1

is a positive decreasing sequence we consider the function
2

2
we look at

e

—dz

L Al

fl z—tdm =1l

since this is finite (allow “limit exists” or equivalent statement) RI

sonyerges AG

3 }nTZrks ]

Examiners report

Most candidates correctly obtained the result in part (a). Many then failed to realise that having obtained this result once it could then
simply be stated when doing parts (b) and (d)

In part (b) the calculation of the integral as equal to 1 only scored 2 of the 3 marks. The final mark was for stating that ‘because the
value of the integral is finite (or ‘the limit exists’ or an equivalent statement) then the series converges. Quite a few candidates left out

this phrase.



17c [6 marks]

" Markscheme
()

NS .
k: NV

0 o % K-l K ki KL K3 X

attempt to shade rectangles M1
correct start and finish points for rectangles A1

since the area shaded is less that the area of the required staircase we have  R1
k A1G o 1

21§+‘[;€+11—2dw<[4

n—

(ii)
In

N
N

DG

\ /// 2

attempt to shade rectangles M1

W14 /470,

o,

&)
I
-
x
5
3
X
w

1

correct start and finish points for rectangles A1

since the area shaded is greater that the area of the required staircase we have RI
AG

L<y 14 [*lde
NotesAlfernative Shading and rearranging of the inequality is acceptable.

[6 marks]



17d.

17e.

18a.

Examiners report

Most candidates correctly obtained the result in part (a). Many then failed to realise that having obtained this result once it could then
simply be stated when doing parts (b) and (d)

Candidates found part (c) difficult. Very few drew the correct series of rectangles and some clearly had no idea of what was expected

of them.
[2 marks]
Markscheme
A]lAl h
f{g+A zdz = k+1’ I 2 kz2 dz =

Bt <P < Xty

Examiners report

Most candidates correctly obtained the result in part (a). Many then failed to realise that having obtained this result once it could then

simply be stated when doing parts (b) and (d)

[3 marks]
Markscheme

205 205 1
%L&M ™ < 1.6736.. )
44 4 205
\? gA(M Nz 2% (T

)‘%%ﬁlgf 3.17

Examiners report

Though part (e) could be done without doing any of the previous parts of the question many students were probably put off by the

notation because only a minority attempted it.

[5 marks]
Markscheme

apply the limit comparison test with

o M1
Y MHAL

n(n+l) ~ 1
2&%@ tﬁe l1rmmsf>ﬁnite+ahd n—rgo 1+1
) both series do the same RI

=1l

0
v?\%e know that
sgnyerges and hence

070(1)nverges RIAG
5-mutrk3]

Examiners report

Candidates and teachers need to be aware that the Limit comparison test is distinct from the comparison test. Quite a number of
candidates lost most of the marks for this part by doing the wrong test.
Some candidates failed to state that because the result was finite and not equal to zero then the two series converge or diverge
together. Others forgot to state, with a reason, that

sgnyerges.

>

n=1"



18b. [3 marks]

Markscheme

3

_ _q)mHignel (; _ L)
A_E% n+1 wf n ntl
=+

[3 marks}

Examiners report

Candidates and teachers need to be aware that the Limit comparison test is distinct from the comparison test. Quite a number of
candidates lost most of the marks for this part by doing the wrong test.
Some candidates failed to state that because the result was finite and not equal to zero then the two series converge or diverge
together. Others forgot to state, with a reason, that

sgnyerges.

mpait (b) finding the partial fractions was well done. The second part involving the use of telescoping series was less well done, and
students were clearly not as familiar with this technique as with some others.
Part (c) was the least well done of all the questions. It was expected that students would use explicitly the result from the first part of
4(b) or show it once again in order to give a complete answer to this question, rather than just assuming that a pattern spotted in the
first few terms would continue.
Candidates need to be informed that unless specifically told otherwise they may use without proof any of the Maclaurin expansions
given in the Information Booklet. There were many candidates who lost time and gained no marks by trying to derive the expansion

for

in(l +z)



19a [6 marks]

" Markscheme

let

Note: Accept

1l 1) — Ly 12 L 1)3
y=1+3@@-1) 512+ (z -1 +...

[6 marks]

Examiners report

Many candidates achieved full marks on this question but there were still a large minority of candidates who did not seem familiar
with the application of Taylor series. Whilst all candidates who responded to this question were aware of the need to use derivatives
many did not correctly use factorials to find the required coefficients. It should be noted that the formula for Taylor series appears in
the Information Booklet.

19b. [3 marks]

Markscheme

METHOD 1

METHOD 2

using I’'Hopital’s rule, M1

. z—1 .

}:3} ;*1 :llgi L
_ 1

T2

METHOD 3
FMIAL

z+l L E+l]

) A]1 .

sl VBT 2

[3 marks]



20a.

Examiners report

Many candidates achieved full marks on this question but there were still a large minority of candidates who did not seem familiar
with the application of Taylor series. Whilst all candidates who responded to this question were aware of the need to use derivatives
many did not correctly use factorials to find the required coefficients. It should be noted that the formula for Taylor series appears in

the Information Booklet.

Markscheme
use of
M1 ,,
y—y+ d—f
x y dy hdy
dx dx
0 2 1 0.1
0.1 21 0.7793304775 0.07793304775
0.2 2.17793304775 0.5190416116 0.05190416116
03 2.229837209

Note: Award Al for

and A1 for
y(0.1)
y(0.2)

A2
y(0.3) =2.23
[5 marks]

Examiners report

[5 marks]

Most candidates knew Euler’s method and were able to apply it to the differential equation to answer part (a). Some candidates who
knew Euler’s method completed one iteration too many to arrive at an incorrect answer. Surprisingly few candidates were able to
efficiently use their GDCs to answer this question and this led to many final answers that were incorrect due to rounding errors.



20b.

21a.

[10 marks]
Markscheme

(@)

M1
IF (: e&tan zdz)

M), ..
17 O s220r)

Note: Only one of the two (M1) above may be implied.

Al
— e(—Incosz) (OI‘ e(lnsecz) )

AG

= S8ecx

(i) multiplying by the IF  (M1)

(Al
secz +ysecztanz = cosz
(AD)
(ysecz) = cosz
AlAl
ysecx =sinx +c¢

putting

d

o

p=0,9=2=>e=%
Al

y = cosz(sinz + 2)

[10 marks]

Examiners report

Most candidates were able to correctly derive the Integration Factor in part (b) but some lost marks due to not showing all the steps
that would be expected in a “show that” question. The differential equation was solved correctly by a significant number of
candidates but there were errors when candidates multiplied by

before the inclusion of the arbitrary constant.

secT
[4 marks]

Markscheme

Ml (n+1)2an+1

lim u:n—“ = lim 2:“

n— n—oo  niat

_ ?1 @)’ o

o —00 n? . 5

(SIH;}CC

=2

) Al

lim — % asn — 0o
the radius of convergence R is found by equating this limit to 1, giving R=2 Al

[4 marks]

Examiners report

It was pleasing that most candidates were aware of the Radius of Convergence and Interval of Convergence required by parts (a) and
(b) of this problem. Many candidates correctly handled the use of the Ratio Test for convergence and there was also the use of
Cauchy’s n™ root test by a small number of candidates to solve part (a). Candidates need to take care to justify correctly the
divergence or convergence of series when finding the Interval of Convergence.



21b. [3 marks]

Markscheme

when x = 2, the series is
whigh is divergent because the terms do not converge to 0 R1
n
when x = -2, the series is
which is divergent because the terms do not converge to 0 R1
> (-1)"n?
the interval of convergence is
Al
}_2a 2[
[3 marks]

Examiners report

It was pleasing that most candidates were aware of the Radius of Convergence and Interval of Convergence required by parts (a) and
(b) of this problem. Many candidates correctly handled the use of the Ratio Test for convergence and there was also the use of
Cauchy’s n root test by a small number of candidates to solve part (a). Candidates need to take care to justify correctly the
divergence or convergence of series when finding the Interval of Convergence.

21c. [4 marks]

Markscheme

puttingx=-0.1, (MI)

for any correct partial sum (A1)

-0.05

-0.04

—0.041125

—0.041025

—0.0410328 (Al)

the sum is — 0.0410 correct to 3 significant figures A1

[4 marks]

Examiners report

The summation of the series in part (c) was poorly handled by a significant number of candidates, which was surprising on what was
expected to be quite a straightforward problem. Again efficient use of the GDC seemed to be a problem. A number of candidates
found the correct sum but not to the required accuracy.



22a. [9 marks]

Markscheme

(i) the area under the curve between a — 1 and a + 1

o,

a—1 =z

a+1

= [nz]¢*]

Al
lower §un

1Al
=it
_ éaql
" a(a+1)
upper sum

All
a1 +
AG

_ 2a-1

Q|

‘_ a(af 1)
it follows that

2a+1 a+1 2a—1
Biallse the (}‘rléz% ?)f thg(izéglfon under the curve lies between the areas of the regions defined by the lower and upper sums R

(ii)  putting

Al

&“*1 = 1.2) =a=11
a—1
erefore,

Al
21 23
UB = 0 (=0.191), LB= T (=0.174)

[9 marks]

Examiners report

Many candidates made progress with this problem. This was pleasing since whilst being relatively straightforward it was not a
standard problem. There were still some candidates who did not use the definite integral correctly to find the area under the curve in
part (a) and part (b). Also candidates should take care to show all the required working in a “show that” question, even when
demonstrating familiar results. The ability to find upper and lower bounds was often well done in parts (a) (ii) and (b) (ii).



22b.

Markscheme

(i) the area under the curve between a — 1 and a

Al

= [¢ 4=
“Ja-1 2z

=[nz]* | = lngi)

attempt fo find are4 of trapezium M1
area of trapezoidal “upper sum”

or equivalent Al
= il
T2 Zafl + a)

2a—1
" 2a(a—1)

it follows that

AG
a 2a—1
ln(afl) < @D

(ii)  putting

Al

&L - 1.2) —a=6
a—1
erefore,

Al "
UB = %(: 0.183)
[5 marks]

Examiners report

[5 marks]

Many candidates made progress with this problem. This was pleasing since whilst being relatively straightforward it was not a
standard problem. There were still some candidates who did not use the definite integral correctly to find the area under the curve in

part (a) and part (b). Also candidates should take care to show all the required working in a “show that” question, even when
demonstrating familiar results. The ability to find upper and lower bounds was often well done in parts (a) (ii) and (b) (ii).



23.

Markscheme

METHOD 1

L — 160 - v)
gftemp?mg to separate variables

69(1 %
—In(60 —v) = L +¢c
(or equivalent)
c=—1n60

attempting to solve for v when =30 (M1)

v*GO 60e

v = 31 7 %ns L)
METHO

w M)
= —v
for equlvalent) Ml

i e Velocity of the car after 30 seconds.

v
attempting to solve

fo;
v 40 4y =30
3975
A]
v=31.7 (ms1)
[6 marks]

Examiners report

AlAI

[6 marks]

Most candidates experienced difficulties with this question. A large number of candidates did not attempt to separate the variables and

instead either attempted to integrate with respect to v or employed constant acceleration formulae. Candidates that did separate the

variables and attempted to integrate both sides either made a sign error, omitted the constant of integration or found an incorrect value

for this constant. Almost all candidates were not aware that this question could be solved readily on a GDC.



24a.

Markscheme

() METHOD 1

Al
= —sina + cosx

M1
yé = (cosz +sinz)(—sinz + cosz)
Al
= cos?z — sin’z
AG
= cos2zT

METHOD 2

Al
y? = (sinz + cosz)?

2yd—z = 2(cosz +sinz)(cosz —sinz)
AL
==

AG
= cos2z

y cos?z —sin’z

(i)  attempting to separate variables

Ml
Jydy= [cos2z dz

AlAT
1y? = 1sin2z + O

Note: Award A1 for a correct LHS and A1 for a correct RHS.

Al )
y=+(sin2z + A)2
(iii)

(MI)
sin2z + A = (cosz + sin)?

(cosz +sinz)? = cos?z + 2sinz cos T + sin’z

use of
(M1)
sin 2z = 2sinz cosz

A=1 Al

[10 marks]

Examiners report

[10 marks]

Part (a) was not well done and was often difficult to mark. In part (a) (i), a large number of candidates did not know how to verify a

solution,

, to the given differential equation. Instead, many candidates attempted to solve the differential equation. In part (a) (ii), a large

ggﬂber of candidates began solving the differential equation by correctly separating the variables but then either neglected to add a

constant of integration or added one as an afterthought. Many simple algebraic and basic integral calculus errors were seen. In part (a)

(iii), many candidates did not realize that the solution given in part (a) (i) and the general solution found in part (a) (ii) were to be

equated. Those that did know to equate these two solutions, were able to square both solution forms and correctly use the

trigonometric identity

. Many of these candidates however started with incorrect solution(s).

sin 2z = 2sinz cosz



24Db. [12 marks]

Markscheme

(1)  substituting

and y = 2 into

Mi )
y = (sin2z + A)2
SO

. Al .
g(z) = (sin2z + 3)>
range g is

AIAIAL
[v2, 2]

Note: Accept [1.41, 2]. Award A1 for each correct endpoint and A1 for the correct closed interval.

(i)

[(MI)AL) |
ﬂf((sirfgw -)1-3) > dz
=299 Al

(iii)

(orequivalent) (MI)(AI)(Al)
™ [,? ?sinZw +3)dz — (1) (5)
Note: Award (M1)(A1)(A1) for

7 [i? (sin2z +2)dz

Al
=17.946 —4.935 (= Z(37 +2) — 7 (3))
Note: Award A1 for

m(r+1)

[12 marks]

Examiners report

In part (b), a large number of candidates knew how to find a required area and a required volume of solid of revolution using integral
calculus. Many candidates, however, used incorrect expressions obtained in part (a). In part (b) (ii), a number of candidates either

neglected to state ‘II” or attempted to calculate the volume of a solid of revolution of ‘radius’

f(@) - g()



25a.

25b.

Markscheme
METHOD 1

sin 422 —sin 9z

lm A i

sin 4z” sin 9z°

Tj{% 4a? __z—>0 922
5

wbTHODE 4

lim. sin 422 —sin 922

zHMIA
_ 8z cos 49: —18x cos 922
=lip ————"—
8z
_ 818 _ 10 5

[4marks] 8~ 1

Examiners report

[4 marks]

Part (a) of this question was accessible to the vast majority of candidates, who recognised that L Hdpital’s rule could be used. Most

candidates were successful in finding the limit, with some making calculation errors. Candidates that attempted to use

or a combination of this result and L’Hopital’s rule were less successful.

lim 322 — 1

z—0 7
Markscheme
since

n z2n\1)
Sm(ﬁﬂ)ﬂ ) -1) @n+1)

5

T Z

or s 2 ’ )
r mac—8 T “mﬁ

sin

K] o 2n+1

2 zﬁ 10
(Omm = % + ?n_z;";'z)

f}% Sb‘w 1) @)

Examiners report

In part (b) most candidates showed to be familiar with the substitution given and were successful in showing the result.

[2 marks]



25c¢ [7 marks]

" Markscheme

let

Ml
59 n 1 n 1 IZ 1 z6 1 z10
= M- (%il)! Jo et 2de ( [y Srde— [i Sdet [ ?dx—...)
B nR0 1 n 1 [z4n+3](1] 2 1 27 1 i 1
=¥V whrem |, [, * 5],
S, T ) LG D <_;___._1_ S
ng( l)n(2n+1)[(4n+3) 3x1! 7x 3! 11x5!
= —1)"a,
fo, "
; 1
@ = e 0
neN
as

is decreasing the sum of the alternating series

an
o0

‘)—1 "a,
ef between
and

Y 1 ) " Qp
_1\n
c ée %(zr %Lurid%]gi%al place accuracy, we need

Mi
lan;1| < 0.00005

N |"N—1|
# =0.0000757576
1 11(5)
# =0.0000132275
2 15(71)
since

RI
az;1 < 0.00005

(or3 terms) Al

rfm%ks ]

Examiners report

Very few candidates were able to do part (c) successfully. Most used trial and error to arrive at the answer.



26.

Markscheme
(a)

A1 for shape, A1 for passing through origin AIAl
Note: Asymptotes not required.

[2 marks]
(b)

£"(0) IO
= f(0 (0 R LR e /Ay ST
ﬁsm)bf +f(_.a€eJrrce c +—z +
d

@

is positivae R1®
a
Al

=01

c=>0
Note: A1 for

and A/ for
>
~ Al
=0
f5 marks]
(c) as the graph has vertical asymptotes
, RI
the 1 rgallgﬁskofc%nvergence has an upper bound of
Al
k

Note: Accept
r<k
f2<marks]

Examiners report

[9 marks]

Overall candidates made good attempts to parts (a) and most candidates realized that the graph contained the origin; however many

candidates had difficulty rendering the correct shape of the graph of

. Part b(i) was also well answered although some candidates where not very clear and digressed a lot. Part (ii) was less successful
!

ith most candidates scoring just part of the marks. A small number of candidates answered part (c) correctly with a valid reason.



27.

28a.

Markscheme

puty = vx so that

dyMI B
— &9
E—U—I—mdz

substituting, M1
(A {1% 2?4 3vz?+ 222
vl = TEERER (=42 4 30 4-2)
Al
2l =0 +20+2
Aldlv dz
f P2 IT
;A
w1 T
Al
arctan(v+1) =Ilnz +c
Note: Condone absence of c at this stage.

M1
arctan(%—i—l) =lnz+c
Whenx=1,y=-1 Ml

c=0 Al

%Jr 1 =tanlnz

Al
y=z(tanlnz — 1)

[11 marks]

Examiners report

[11 marks]

Most candidates recognised this differential equation as one in which the substitution y = vx would be helpful and many reached the

stage of separating the variables. However, the integration of

prolved beyond many candidates who failed to realise that completing the square would lead to an arctan integral. This highlights the

f’rzﬁrp)z(gﬁ%nce of students having a full understanding of the core calculus if they are studying this option.

Markscheme

using a ratio test,

MIAI

%:QW &H‘L;ESII&H %ﬁ_fnodulus signs.

for all values of x RI
—0asn — oo
the series is therefore convergent for

Al

zeR
[4 marks]

[4 marks]



28b.

Examiners report

Solutions to (a) were generally good although some candidates failed to reach the correct conclusion from correct application of the

ratio test. Solutions to (b) and (c), however, were generally disappointing with many candidates unable to make use of the signposting

in the question. Candidates who were unable to solve (b) and (c) often picked up marks in (d).

Markscheme
(i)

M1 ) )
e —l=z+T+5+

=
AI 2 3
<z+Z+;5+... (forz>0)

2x2
Al
= ﬁ (for x < 2)
AG

_ 2z

(i)
Al
A 1
24z |\ ®
e < (ﬁ)
replacing x by

1(amd noting that the result is true for

n

and therefore
n > %

) Ml
Z+

A n
2n+1
o< ()

[6 marks]

Examiners report

[6 marks]

Solutions to (a) were generally good although some candidates failed to reach the correct conclusion from correct application of the

ratio test. Solutions to (b) and (c), however, were generally disappointing with many candidates unable to make use of the signposting

in the question. Candidates who were unable to solve (b) and (c) often picked up marks in (d).



28c.

28d.

[4 marks]

Markscheme
(i)

Al ) N
l-e*=z—S+%+..
for

, the series is alternating with decreasing terms so that the sum is greater than the sum of an even number of terms ~ R1
0<z<2
therefore

AG 22

— ez — =
l—e?>z 3

(i)

et <l —z+ w—;
M1
e’ > 5
A (1—m+”7) %
9= (l272z+z2
replacing x by

1

1(and noting that the result is true for

n
and therefore
n > %

2t

A
e> (=2 )"
2n?—2n+1

[4 marks]

Examiners report

Solutions to (a) were generally good although some candidates failed to reach the correct conclusion from correct application of the
ratio test. Solutions to (b) and (c), however, were generally disappointing with many candidates unable to make use of the signposting

in the question. Candidates who were unable to solve (b) and (c) often picked up marks in (d).

[2 marks]

Markscheme
from (b) and (c),
and
e <2.718282...

Al
e>2.718281...
we conclude that e = 2.71828 correct to 5 decimal places Al

[2 marks]

Examiners report
Solutions to (a) were generally good although some candidates failed to reach the correct conclusion from correct application of the
ratio test. Solutions to (b) and (c), however, were generally disappointing with many candidates unable to make use of the signposting

in the question. Candidates who were unable to solve (b) and (c) often picked up marks in (d).



29a

29b.

. [4 marks]
Markscheme

MIAIAL
bee % =lim
z%%l z—0

sec’z

lim 222 = 2 =1
f? %mrks ]

Examiners report

This question was accessible to the vast majority of candidates, who recognised that L’Hopital’s rule was required. A few of the

weaker candidates did not realise that it needed to be applied twice in part (b). Many fully correct solutions were seen.

[7 marks]
Markscheme

MIAIA

lim 1—2°42z°Inx — lim —2z+2x+4xlnz

Sl st EE

= lim 42+4lna:

T "—sin%
lim 1—2§+2zz Inz __ 4 _ 16
-1 L-sin 7% 2 o
f7mar]ks]n 2 7

Examiners report

This question was accessible to the vast majority of candidates, who recognised that L’Hopital’s rule was required. A few of the

weaker candidates did not realise that it needed to be applied twice in part (b). Many fully correct solutions were seen.



30.

[17 marks]
Markscheme

(a) from

d
= — ytanz +cosz

dz Al

f(0)=1

now

o, MIAIAIAL

=Y = ysec’z + —Ltanz —sinz
Rfote: Award A I'for each term on RHS.

Al
= 7(0)=—3
Al

éy:—%—i—w—%
[7 marks]

(b) recognition of integrating factor  (M1)

integrating factor is

ef* tan zdz

(Al)
= elncosm
(A1)
=coszT
Ml
= ycosz = [cos’zdz
Al
= ycosz = 3 [ (1 +cos2z)dz
Al

iycoswz%—%%—&-k

when

MIAI
z=my=0=k=—7

(AI) &2 + sin 2z T
= ycosr ==+ = T

Al (2 L )
=y=secz(Z+E= -2
[10 marks] t
Total [17 marks]

Examiners report

Part (a) of the question was set up in an unusual way, which caused a problem for a number of candidates as they tried to do part (b)
first and then find the Maclaurin series by a standard method. Few were successful as they were usually weaker candidates and made
errors in finding the solution

. The majority of candidates knew how to start part (b) and recognised the need to use an integrating factor, but a number failed
g;aﬁsg they missed out the negative sign on the integrating factor, did not realise that

or were unable to integrate

eln COST — cosx
. Having said this, a number of candidates succeeded in gaining full marks on this question.

cos?x



31a. [5 marks]

Markscheme
comparing with the series
Al
1
Bsing the limit comparison test  (M1)
MIA1

; sin% (: lim sinx) -1
% Z z—0 T

n

dcivelrges,
yérges Al
sin =

markk]

Examiners report

This question was found to be the hardest on the paper, with only the best candidates gaining full marks on it. Part (a) was very
poorly done with a significant number of candidates unable to start the question. More students recognised part (b) as an integral test,

but often could not progress beyond this. In many cases, students appeared to be guessing at what might constitute a valid test.

31b. [7 marks]

Markscheme

using integral test  (M1)
let

(M1)
u=Inx

u __ 1

d
i —_— =
A1 7
f z(lnlz)2 ST f"%du - 7%(: ;ﬁ)
i i [ ]
00415 5) asool Mzl

— lim (—L TR
as a—oo Ina In2

Al
a—o00, ——-—0

Ina

o] 1 _ 1

2 2 T In2
hence tB&@ries is convergent AG

[7 marks]

Examiners report
This question was found to be the hardest on the paper, with only the best candidates gaining full marks on it. Part (a) was very
poorly done with a significant number of candidates unable to start the question. More students recognised part (b) as an integral test,

but often could not progress beyond this. In many cases, students appeared to be guessing at what might constitute a valid test.



32a [9 marks]

" Markscheme
(a)

|2l =2

AlAl
arg(z) =0
$0

AG NO
L(z)=Inz
[2 marks]

® @

AIAI N2
L(-1)=Inl+ir=ir
(i)

AIAI N2
L(1-i) =Iny2+iT
(ii1)

Al NI
L(-1+i) =Iny/2+i¥
[5 marks]

(c) for comparing the product of two of the above results with the third M1
for stating the result
and
—1+i=-1x(1-1i)
RI

L(-1+1i)#L(-1)+ L(1-1)
hence, the property

L(z12) = L(21) + L(2)

does not hold for all values of

and

21
AG NO

29

[2 marks]

Total [9 marks]

Examiners report

Part A was answered well by a fair amount of candidates, with some making mistakes in calculating the arguments of complex

numbers, as well as careless mistakes in finding the products of complex numbers.



32b.

Markscheme

(a) from

f(z+y) = f(z)f(y)
forx=y=0 MI

we have

Al
f(0+0) = f(0)£(0) & £(0) = (f(0))*

as

, this implies that
f(0)#0

RIAG NO
f0)=1
[3 marks]

(b) METHOD 1

from

f(z+y) = f(z) f(y)

for y = —x, we have

MIAI
fl@ —z) = f(z)f(—2) & £(0) = f(z) f(—=)

as

this implies that
f(0)#0
RIAG NO
flz) #0
METHOD 2

suppose that, for a value of x,

M1
flz) =0

from

flz+y) = f(=)f(y)

for

, we have
y=-t

Al
fl@—z) = f(z) f(—z) & £(0) = f(z) f(—=)

substituting

by 0 gi
fea,v) gives

which contradicts part (a) RI1
f0)=0

therefore

forallx. AG NO
f(z) #0
[3 marks]

(c) Dby the definition of derivative

(MI)

= lim
AI (AE%O

_ f(@)f(h)~fla f0)
}g}j( h )

£ z+h flz) )

[14 marks]



33.

_ }]{14-)%( J'V;)V;OJ’LU) )f(cc)

=f(0)f(z) (=kf(z))
[4 marks]

(d)

J\d Al
Ik w{dm:fk:dx =Inf(z)=kz+C
)

Inf(0)=C=C=0
Al NI
fla) =et

Note: Award MIAOAOAQ if no arbitrary constant C .

[4 marks]

Total [14 marks]

Examiners report

Part B proved demanding for most candidates, particularly parts (c) and (d). A surprising number of candidates did not seem to know

what was meant by the ‘definition of derivative’ in part (c) as they attempted to use quotient rule rather than first principles.

Markscheme

(@)

= kycos(kt)

dy

a
(M1)

dT = kcos(kt)dt

Ml

f% = [kcos(kt)dt
Al

Iny =sin(kt) +c¢

Y= Aesin(kt)

(M1)
t:0:>y0:A

Al
=y= yoesinkt

(b)

(M1)
—1 <sinkt <1

ywe ' <y <ye!
so the ratio is

Al
1.

t:eorl:e?
[7 marks]

Examiners report

Part (a) was done successfully by many candidates. However, very few attempted part (b).

[7 marks]



34.

Markscheme

puty = vx so that

MIAL
L v+ 2L

&iv . d
€ equation %CCOH}CS

(AL
vtz =v+0?
leading to

2 2
dz g .
separating variables,

(T4
hence v

AlAl
Inz=—v1+C
substituting for v,

M1
lnz==-=+4C

Note: Do not penalise absence of C at the above stages.

substituting the boundary conditions,
M1

0=-1+C

Al

c=1

the solution is

lng=-2+4+1
leading o ?
(or eq%;valent form) Al

12z . .
Note: Candidates are not required to note that
TIF£ /e

[13 marks]

Examiners report

Many candidates were able to make a reasonable attempt at this question with many perfect solutions seen.

[13 marks]



35.

Markscheme

(@)

Al ) )
ee—l=z+5+5+...

MIAT (er2r)’

ac+'7+?

N

22 | a3
$+7+?

e

_MIAI 22 23 2 23 3

—1+$+7+?+?+7+?+...
AG

:1+w+x2+%:c3—|—...

[5 marks]

(b) EITHER

Al )
fly=1+2c+2+...
f(zMIIA_I z+a?4+52° /6+...

fl(x)-1 2z+5x2 /2+. ..

_ _ltat...
24+-5c/2+. ..
Al

— % asz — 0
[5 marks]

OR

using I'Hopital’s rule, M1

_Mial, o)y
20 & —1'—1 z—0 etz —1
o hm e(e1+z—1)

(eT+z—1) T
z—(0 € x (e*+1)
Al

3
[5 marks]

Total [10 marks]

Examiners report

6

Poos

[10 marks]

Many candidates obtained the required series by finding the values of successive derivatives at x = 0 , failing to realise that the

intention was to start with the exponential series and replace x by the series for

. Candidates who did this were given partial credit for using this method. Part (b) was reasonably well answered using a variety of

e —1
methods.



36a.

36b.

Markscheme
the nth term is

Iglé!x&..@n—l)

™ 2x5x8...(3n—1
(using tTleXraus)ntesl to test for absolute convergence)

\%A(%é"*l) ‘.’B‘
[unly ,  (3n+2)

g {unJrll _ M
lim

1

3 .
fet R déHote th radius of convergence
then
s
B_,

’ MIAI

r=23

2 . .
Note: Do not penalise the absence of absolute value signs.

[7 marks]

Examiners report

[7 marks]

Solutions to this question were generally disappointing. In (a), many candidates were unable even to find an expression for the nth

term so that they could not apply the ratio test.

Markscheme

using the compound angle formula or a graphical method the series can be written in the form  (M1)

{'. e. an angle in the first quadrant, RI
itis ah alternating series R1
RI1

u, - 0asn — oo
and

Jun+1| < |un| L.
it follows that the series is convergent  R1

[8 marks]

Examiners report

Solutions to this question were generally disappointing. In (b), few candidates were able to rewrite the nth term in the form

so that most candidates failed to realise that the series was alternating.

> (—1)"sin(2)

[8 marks]



37.

Markscheme
(Al

j_z — et 4L 2y2
x ¥ dy/dx 8y
0 1 3 03
01 |13 4485170918 | 04485170918
0.2 | 17485170918 | 7336026799 | 0.7336026799
03 | 2482119772 13.67169593 | 1.367169593
0.4 | 3.849289365

required approximation = 3.85 Al

[8 marks]

Examiners report

Mi141
Al
Al
Al
Al

[8 marks]

Most candidates seemed familiar with Euler’s method. The most common way of losing marks was either to round intermediate

answers to insufficient accuracy despite the advice in the question or simply to make an arithmetic error. Many candidates were given

an accuracy penalty for not rounding their answer to three significant figures.



38.

[11 marks]
Markscheme

(@

MIAI - J

Jy e " coszdr = [e~*sinz] o — [(FsinzL-(e7")dz

since

as

e =0

and

T — 00

is bounded

sin z

as

e Zsinz — 0
RI1

T — 00

(or alternative convincing argument)

RI1
e ?sinz =0whenz =0
the second term

Al

[ e Tsinzda

SO

_];) e Zcosxdr = _];) e Zsinxdx

[5 marks]

(b) continuing the process

MIAI
J, e " coszdr = —[e~®cosz] o + [ cosm%(e*’”)d:c
the value of the first termis 1 A1

the second term

Al
=— fooo e Zcosxzdz

SO

2j;)°° e ?coszdr =1
the common value of the integrals is

Al
1

2
[6 marks]

Total [11 marks]

Examiners report

Although this question is based on core material, many candidates were unable to perform the double integration by parts

successfully. The difficulty in the method often lies in the choice of u and v and wrong choices were often made. Many candidates
failed to consider adequately what happens at the upper limit (infinity). The question was structured so that the solution to (a) led to
the solution for (b) but in many cases, the solutions to (a) and (b) were mixed up often to the candidates’ disadvantage. In this case,

candidates who obtained the required results, in whatever order, were of course given full credit.



[9 marks]
Markscheme

the equation becomes

AId
vtz =1 +v+4
{1‘111 dz
2id IT
) AlIAl )
Earctan(g) =lnz+C
substituting

(z, v) = (1,2)
MIAT

8
the solution is

arctan(%) =2Inz + %
Al
W= 2mtan(21nx + %)

[9 marks]

Examiners report

Most candidates recognised this differential equation as one in which the substitution

would be helpful and many carried the method through to a successful conclusion. The most common error seen was an incorrect
y=vz

integration of

wlith partial fractions and/or a logarithmic evaluation seen. Some candidates failed to include an arbitrary constant which led to a loss

)
of Tarks later on.



[17 marks]
Markscheme

(a) using or obtaining

(M1) n(n—1)
(I+z)"=1+nz+——z+...

(1—n )75 —1+(—a?) x (-1) + (*”;2)2 x (-3 x (=) +...

=1+1a? 4+ 324 +...
[3mar%s]

(b) integrating, and changing sign

MIAI
arccosz = —z — 123 — 225 4+ O+ . ..
putx =0, 0 0

Ml

=C

AG L. s 5)
arccosz~ T —z— 2z — ¢
}3marks] : o 40

B

(c) EITHER

using

MIAI
2 1.6 3,10

2 T
arccosr” ~ ) €T 5T T o

. Wcos z?—a? . %Jrhigher powers
lim - =lim .
z—04 1 Z z—0 Z
1

oK
using ’Hopital’s Rule M1

MI 1_><2m—2m
limit = ljm Vi -
Al =1 %
zlim—vl;}gg4 - \
ﬁ?nq g
- %P 1223
=4
[5 marks]
(d)
MI
0.2 © 5 4
j:] é}ﬁ:cozs\i/fdmlmaﬁ] 3T~ §T2 — 5% ) dz
= [‘3”;)*39” BT T,

=2502-2x02 —Lx02 -2 %02
= (725326 (to'5 decimal p]15aces) Al

Note: Accept integration of the series approximation using a GDC.

using a GDC, the actual value is 0.25325 Al

so the approximation is not correct to 5 decimal places R1
[6 marks]

Total [17 marks]



41a.

Examiners report

Many candidates ignored the instruction in the question to use the series for

to deduce the series for

ainé_ athZIElBged instead to obtain it by successive differentiation. It was decided at the standardisation meeting to award full credit for
t(his meLLod although in the event the algebra proved to be too difficult for many. Many candidates used 1’Hopital’s Rule in (c) — this
was much more difficult algebraically than using the series and it usually ended unsuccessfully. Candidates should realise that if a
question on evaluating an indeterminate limit follows the determination of a Maclaurin series then it is likely that the series will be
helpful in evaluating the limit. Part (d) caused problems for many candidates with algebraic errors being common. Many candidates

failed to realise that the best way to find the exact value of the integral was to use the calculator.

[10 marks]
Markscheme

(i) consider

(n-1)an+1

on+1

T
T,

éll)\w\

n
4
— 5 asn — 0o
the radius of convergence satisfies

nal

on

e R=2 Al
£_1
&

(ii)  the series converges for

, we need to consider
—2<r<?2
(RI)
8 = S
when x = 2, the series is

Al
1+2+3+...
this is divergent for any one of several reasons e.g. finding an expression for or a comparison test with the harmonic series or noting

that

etc. RI
lim u, #0
When x = — 2, the series is

Al
-1+2-3+4...
this is divergent for any one of several reasons

e.g. partial sums are

or noting that

1,1, 22,2, —3,3...
etc. Rl

lim w, #0

thé’Interval of convergence is

Al
—2<zr<?2
[10 marks]



Examiners report

Most candidates found the radius of convergence correctly but examining the situation when

often ended in loss of marks through inadequate explanations. In (b)(i) many candidates were able to justify the convergence of the
m =3

given series. In (b)(ii), however, many candidates seemed unaware of the fact the sum to infinity lies between any pair of successive

partial sums.

41b. [5 marks]

Markscheme

(i) this alternating series is convergent because the moduli of successive terms are monotonic decreasing RI
and the
term tends to zero as
nth
R1
n — 0o
(i)  consider the partial sums
0.333,0.111, 0.269, 0.148, 0.246 MIAI
since the sum to infinity lies between any pair of successive partial sums, it follows that the sum to infinity lies between 0.148 and

0.246 so that it is less than 0.25 RI1

Note: Accept a solution which looks only at 0.333, 0.269, 0.246 and states that these are successive upper bounds.
[5 marks]

Examiners report

Most candidates found the radius of convergence correctly but examining the situation when

often ended in loss of marks through inadequate explanations. In (b)(i) many candidates were able to justify the convergence of the
T = =2

given series. In (b)(ii), however, many candidates seemed unaware of the fact the sum to infinity lies between any pair of successive

partial sums.



42.

Markscheme

_ 22
tany 1+a3

MI

(1+2%)% =222 tany = f
gAl)(zi )

f 2 322

gy~ $

RgtayDo éb@hleﬂraﬁ%‘bﬁssion of modulus signs.

Do not penalize omission of constant at this stage.

EITHER
M1
ORin | = 2[1[+C= C=0

2
siny| = A[1+ 3|5 , A=e®
M1

BHEN= A|L+ 07 = A=1
Al
Koté" Smaﬁ(s]l\jb%& if )onstant omitted earlier.

[7 marks]

Examiners report

Many candidates separated the variables correctly but were then unable to perform the integrations.

[7 marks]



[7 marks]
Markscheme

METHOD 1

, hence blsing I’Hopital’s Rule, (M1)
f0)=35

AlIAl g . .
g(z) =1 —cos(zf), h(z) = z'%; L&) = Gt sin(at) _ sin(e?)

() 12¢11 26
EITHER

. %m% léHépital’s Rule again, (M1)

K@) O
g”(ﬁléézs cos(zf)  cos(af)
W(z) 1225 2
% h@nci tile limit is
h”(O) 2
Al
1
2
OR
So
A 6

lim 1—cos & — lim sin
z—0 L 20 228

1 1 sin 20

= = lim ==
70 22
Al (RI) .
= 1 since liné S =1

METHOD 2
substituting

for x in the expansion
26
mn -,
cosz=1—Z+0...
212 24
MLAi 17(177#22—4)...

1—cos

= 5 _H'i‘...

MIAI

. 1—cosz” __ 1
lim =

—0 . . . .
Kote: Accept solutions using Maclaurin expansions.

[7 marks]

Examiners report

Surprisingly, some weaker candidates were more successful in answering this question than stronger candidates. If candidates failed
to simplify the expression after the first application of L’Hopital’s rule, they generally were not successful in correctly differentiating
the expression a

t1d e, hence could not achieve the final three A marks.
21’1



44.

Markscheme
(a)

& .onr . (n+)m

> T*Sln—;l )

= (sin0 —sin Z ) + (sin% —sinﬂ') + (sinﬂ'—sin%") +(
e

term is £1 for all n, i.e. the
nth

term does nottend to 0 A7

nth

hence the series does not converge Al

[3 marks]

(b) EITHER
using the ratio test  (M1)

MIAI

An41

e tm (%) ()
geq’hells; C:E'Ué) vergE:s ~1918Aﬁ;)

1

= <

OR

00 %{41 o0 e\ 7 1 n 00 e\ 7 00 1 n
=2 -G =) -2

the series isrthe difference of twargéometric series, with
MIAI

r== (~0.865)
and

Al
1 (=0.318)
for both
, hence the series converges RIAI

\r\<1
R

M1 )A1A1 R
Vn, 0< < &
the series
gonverges since it is a geometric series such that
" AIRI
Ir| <1
therefore, by the comparison test,
gonverges RIA1

I 7 7;narks]

(c) by limit comparison test with

Vi (M1)

n+1

n+1

n(n=1)

3

sin = —sm27r) +...

2

e s dimvbrirorbodversim g/ =

by the p-test

o)) ﬁrges hence both converge RIAI
ﬁémarks]

Total [16 marks]

[16 marks]



45.

Examiners report

This was the least successfully answered question on the paper. Candidates often did not know which convergence test to use; hence
very few full successful solutions were seen. The communication of the method used was often quite poor.

a) Many candidates failed to see that this is a telescoping series. If this was recognized then the question was fairly straightforward.
Often candidates unsuccessfully attempted to apply the standard convergence tests.

b) Many candidates used the ratio test, but some had difficulty in simplifying the expression. Others recognized that the series is the
difference of two geometric series, and although the algebraic work was done correctly, some failed to communicate the conclusion
that since the absolute value of the ratios are less than 1, hence the series converges. Some candidates successfully used the
comparison test.

¢) Although the limit comparison test was attempted by most candidates, it often failed through an inappropriate selection of a series.

[9 marks]
Markscheme

(a)

I2 1‘3 E4
ef=1+te++5+5+. ..
putting ! ] !

1)
AZ

z L _ & m4_z_6
Bt Fz wa~ (175755

(b)
MIAT) s 5 7 &
foze’Tduz[u—“——&-"—— 2 ]
Al ) 3:52 5% 22 zzl Tx 2% % 3! 0
x

T3x2 | Bx22x2 | Tx2x3l

3 mtfrks? 5% )

(c) putting x = 1 in part (b) gives

L (ME)AT)

fo e’? da ~0.85535. .

L% dz ~0.341

W rks]

Total [9 marks]

Examiners report

This was one of the most successfully answered questions. Some candidates however failed to use the data booklet for the expansion

of the series, thereby wasting valuable time.



46.

Markscheme

writing the differential equation in standard form gives

dy Ml:l: —
rrirey A

MIAI

L dz = (}—‘—L)dax:m—kln z—1

t!effc% integr£t1 g faétor/s ( )

MIAI
ertin(z-1) — (w _ l)ez
hence,

An
(z—1)e*L +ze’y=z—1

D

= g?(z;alv)e Y —x—1

Al
= (z—1)e"y= [(z—1)dz

Al ,
= (z-lefy=%—-z+c
substituting (0, 1), c=-1 (MI1)Al

(Al)
= (z—1)e*y =
hence,

z*—22—2
2

(or exqgiz\;glzent) Al

2(z—1)e*

Y
[13 marks]

Examiners report

[13 marks]

Apart from some candidates who thought the differential equation was homogenous, the others were usually able to make a good

start, and found it quite straightforward. Some made errors after identifying the correct integrating factor, and so lost accuracy marks.



[15 marks]
Markscheme

(a) applying the alternating series test as
M1
Vn > 2, + eR"
AI ninn
1 1
;4(7+1)1n(n+1) = nln

lim -1 =

1 . . .
heitee, Y)? the alternating series test, the series converges RI

[4 marks]

(b) as
isla continuous decreasing function, apply the integral test to determine if it converges absolutely  (M1)

thiar
lfe?t zlnz dz :bll_glon zlnz dz

then
u=Inz
(M1)A1
du = Ldz
Al
[idu=Inu
hence,
whicl}) does not exist MIAIAI

lim [, —1-dz = lim [In(Inz)]}

fl@ﬁ‘ée% the Eeries dbesot converge absolutely (A1)
the series converges conditionally A7

[11 marks]

Total [15 marks]

Examiners report

Part (a) was answered well by many candidates who attempted this question. In part (b), those who applied the integral test were

mainly successful, but too many failed to supply the justification for its use, and proper conclusions.



[8 marks]
Markscheme

(a) rearrange

to obtain
cos’x vy

eyl
cos?zdzr = eve® dy
as
MIAL 1+cos(2x)
fcdos%:dw = [——dz = Jz+ 3sin (2z) +
an
Al
l&eyeey dy =e* +C,
ote: The above two integrations are independent and should not be penalized for missing.

a general solution of

closszz evdy 0
Al ¢ & =

1z +1sin(2z) — e =C
given that

when

y=0

Hor T

¢ :(1%1{) isin(27r) —e = Z—e
—1.15

s0, the required solution is defined by the equation

or
Lo ppisingge) —e* =5 —e

Y= ln(lng%m —+ iSln(Zz) L et %))
(or equivalént)

(b) for

For 3
y=lpfln(e— %))

—0.417

[8 marks]

Examiners report

This was a more difficult question and it was apparent that students did find it so. For those that managed to rearrange the equation to
separate the variables, few could manage to successfully integrate both sides. The unfamiliarity of

scu:emed to disturb some students.
et

[6 marks]
Markscheme

(or equiyalent) Al
v =40e 2"
[6 marks]



Examiners report

This was a poorly answered question which linked the topic of kinematics with that of first order differential equations. Many
candidates seemed unaware that the acceleration is the time derivative of the velocity. This was often followed by a failure to
recognize a separable differential equation and/or integration with respect to the wrong variable.
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