Topic 6 Part 3 713 marks

1. [7 marks]
Markscheme
(a)
2% —4-2%

attempt to solve the equation M1
x=1 Al
soPis(1,2),as
Al NI
f1)=2
(b)
Al

fl(z) = 7%2% In2
attempt to substitute x-value found in part (a) into their

M1
f'(@)
#(1) = —2In2
MIAI NO
y—2=—-2In2(z —1) (or equivalent)
[7 marks]

Examiners report

Most candidates answered part (a) correctly although some candidates showed difficulty solving the equation using valid methods.

Part (b) was less successful with many candidates failing to apply chain rule to obtain the derivative of the exponential function.



Markscheme
(a)
Y
N
3 L
T
\\ 2
™ 3
it . y-
~ l; A ‘i
[ RS BANSN HEF S8 REN = 10
+ #
- ‘f‘, /‘5‘-

Note: Award A1 for the correct x-intercept,

A1 for completely correct graph.

(b) METHOD 1
the area under the graph of

for

Y ﬁrllmogilvided into ten congruent triangles; MIA1

—a<z<a
the area of eight of these triangles is given by

and the areas of the other two by

I’ dpas)de
do.

z — %| dz
Al NO

PGl =4 e — §|de = k=4

use area of trapezium to calculate M
Al

da Wica ol st gldsto bmbim M
Al

bole=sldgr 288 (5) " = 5

METHOD 3

use integration to find the area under the curve

Ml
0 0 a
Lo slinsloprate
= —7+5$} =5tz =@
an

Ml

bt A A A

aZ

AIAl

[7 marks]



wla

- —TWﬂ o 772 . TE It R T TR T I T
so, k=4 A NO

[7 marks]

Examiners report
Most candidates attempted this question but very often produced sketches lacking labels on axes and intercepts or ignored the domain
of the function. For part (b) many candidates attempted to use integration to find the areas but seldom considered the absolute value.

A small number of candidates used geometrical methods to determine the areas, showing good understanding of the problem.



Markscheme
(a)

4

fZ(;za\/rgk)s]: —/3 —arctan(—/3) = —/3 + u

Al
f(1)=1—arctanl =1—-12
Al

(b)

M1

f(—z) = —z — arctan(—z)
Al

= —z +arctanz

= —(z — arctanz)
AG NO

By

(c) as

, for any
—5 < arctanz < 3

zeR
, for any
= —% < —arctanz < %

zeR . .
then by adding x (or equivalent) RI
we have

AG NO
:c—% < x —arctanz <:c+%
[2 marks]

(d

AIAl

2

fllz)=1——"_or-2
1+a2 1+a2

f (Ag)lélh(sz)*%z 2%

= or
AJAI  (+22)° (1+a2)?
f(0)=f"(0)=0
EI(T%{ER

as

for all values of

fl®)=0

zeR
(

is not an extreme of the graph of f (or equivalent ))
9.

as

for positive values of x and

f(z) >0
for negative values of x  RI1

TafiN=°

R1

(0, 0) is a point of inflexion of the graph of f (with zero gradient) Al

[8 marks]

(e)

N2

[20 marks]



Note: Award A1 for both asymptotes.
A1 for correct shape (concavities)
z<0

A1 for correct shape (concavities)
z>0

[3 marks]

(f)  (see sketch above)
as fis increasing (and therefore one-to-one) and its range is
R
is gieﬁned for all
RI
zeR
use the result that the graph of
is the reflection
y=f (=)
in the line y = x of the graph of
to draw the graph of
y = f(x)
(M1)A1
£l
[3 marks]

Total [20 marks]

AIAIAT



Examiners report

Parts of this question were answered quite well by many candidates. A few candidates had difficulties with domain of arctan in part
(a) and in justifying their reasoning in parts (b) and (c). In part (d) although most candidates were successful in finding the expressions
of the derivatives and their values at x = 0, many were unable to use the results to find the nature of the curve at the origin. Very few

candidates were successful in answering parts (e) and (f).

[6 marks]
Markscheme

(@
3M1 2 3(x+3)+2(z+1)
T T3 T @rD@td)
_ 3z+94-2z+2
24 4x+3
_ 5z+11
z?44z+3

(b)

M1
2 5p+1l _r2 3 2
j;] Afaa+3 diﬂ—ﬁ) (H_1+z+_3> d
= [3In(z + 1) +2In(z +3)]

Al
=3In3+2In5—-3In1 —2In3 (=3In3+2In5—2In3)

=In3+2In5
Al

=In75 (k="175)

[6 marks]

Examiners report

Many students did not ‘Show’ enough in a) in order to be convincing. The need for the steps of the simplification to be shown was
not clear. Too many did not link a) to b) and seemed to not be aware of the Command Term ‘hence’ and its implication for marking (
no marks will be awarded to alternative methods). The simplifications of the log expressions were done poorly by many and the fact
that

was noted by too many. There were very few elegant solutions to this question.
=9



Markscheme
(a)

8z + 2y§—y =0
Note: AWard M1A0 for

éz+2yj—i:4

dy él_ 4z

dz y

by -4 Al

©)

or equivalent M1
V= ]f my2dz

Al
V=mnf (4—42%)dz
Al 1
=n|dx — %ws]

Al 0
— &m
Nofe: If it is correct except for the omission of
, award 2 marks.
m

[8 marks]

Examiners report

The first part of this question was done well by many, the only concern being the number that did not simplify the result from

. 'lgblere were many variations on the formula for the volume in part c), the most common error being a multiple of

Ty
rather than
2

. On the whole this question was done well by many.

s

[8 marks]



Markscheme
(a)

Note: Award A1 for correct concavity, passing through (0, 0) and increasing.

Scales need not be there.

[1 mark]

(b) a statement involving the application of the Horizontal Line Test or equivalent

[1 mark]
(©
y=kyx
for either
or
B = k\/ﬂ
Al
r==

A
dom (f*1 (:c)) =1[0,00]
[3 marks]

(d)

or equivalent method M1

k=,
Al

=2

[2 marks]

Al

[16 marks]



7a.

(ii)  attempt to find either

()

e=2B

[9 marks]
Total [16 marks]

Examiners report

Many students could not sketch the function. There was confusion between the vertical and horizontal line test for one-to-one
functions. A significant number of students gave long and inaccurate explanations for a one-to-one function. Finding the inverse was
done very well by most students although the notation used was generally poor. The domain of the inverse was ignored by many or
done incorrectly even if the sketch was correct. Many did not make the connections between the parts of the question. An example of

this was the number of students who spent time finding the point of intersection in part e) even though it was given in d).

[6 marks]

Markscheme
EITHER
let
(M1)
u = tanz; du = sec’zdz
consideration of change of limits  (M1)
(Al x

=(Al)
P ldz= [} Ltdu
Noté'B38 not penalizé lack of limits.

ﬁzz V3
— 3u3
IZAJI NO

_3xv33 3 _ (35‘/:%3)

OR 2 2 2
fﬁMs%é%Z do [wm)% ] ’
TARFE Nol P s
_3xv33 3 _ (3{“/@3) 4
[6 matks] 2 2

Examiners report

Quite a variety of methods were successfully employed to solve part (a).



7b.

Markscheme
M1
[tan*zdz = [tanz(sec’z —1)dz

= [(tanz x sec’z — tanz)dz

AIAI
= tan’z —Injsecz| + C

Note: Do not penalize the absence of absolute value or C.

[3 marks]

Examiners report

Many candidates did not attempt part (b).

Markscheme

A

Note: Award A1 for origin
A1 for shape
A1 for maximum

A1 for each point of inflexion.

[5 marks]

Examiners report

A reasonable number of candidates answered this correctly, although some omitted the

point of inflection.
2nd

[3 marks]

[5 marks]

A5



Markscheme

y=¢e®* =z =Iny
volume

M AT
! (Iny)*dy
usmg 1ntegrat10n by parts (M1)

AIAl

[, (lny)2dy—ﬂ'[ (Iny) } —Zfl Inydy
1A1

= qy(lny) —2ylny + 2y}
Note: Award A1 marks if - !

is present in at least one of the above lines.
m

Al
= 7 ° (Iny)?dy = 7 5(1n5)? — 10In5 + 8
[8 marks]

Examiners report

[8 marks]

Only the best candidates were able to make significant progress with this question. Quite a few did not consider rotation about the y-

axis. Others wrote the correct expression, but seemed daunted by needing to integrate by parts twice.



10. [17 marks]
Markscheme

(@)

A d;la:ﬂ.‘.

(e, tnx)

A

A3
Note: Award A1 for each graph

A1 for the point of tangency.

point on curve and line is

M1
(a, (ln a))

y =In(z)
o 1Pl _

FITHER “
gradient of line, m, through (0, 0) and

|

(when z = a)

is
(a, Ina)
_(MDAI

MIAIT

h‘T":%élnazléa:eém:

= 1
(M1)A1

y—Ina=1i(z—a)

passes through 0 if

Ml
Ina—1=0

Al
a=e=>m=1
THEN

Al
cy=1z
[11 marks]

(b) the graph of

never goes above the graph of
Inz



11.

©)

MIAI
Inz <Z=elnz<z=Inz* <2
exponentiate both sides of

RIAG
Inzt <z = x° < e
[3 marks]

(d) equality holds when
R1

B=G@
letting

Al NO
rT=mT="7m<e’
[2 marks]

Total [17 marks]

Examiners report

This was the least accessible question in the entire paper, with very few candidates achieving high marks. Sketches were generally
done poorly, and candidates failed to label the point of intersection. A ‘dummy’ variable was seldom used in part (a), hence in most
cases it was not possible to get more than 3 marks. There was a lot of good guesswork as to the coordinates of the point of
intersection, but no reasoning showed. Many candidates started with the conclusion in part (c). In part (d) most candidates did not

distinguish between the inequality and strict inequality.

[7 marks]
Markscheme

(Al
Jzer =e/r =z =0orl
attempt to find

[y?dz
i :71'f01 e?zdz

:Z‘[}ezxz];

=%

Vy = njz)l ze2*dz
MIAL

— PIPDT 1_ 12z
N&Ee( Lﬁ%v%r(J M1 8¢ ﬁt(%err(li& o integrate by parts.

2 1
I7IC S, T [1922

ﬁnd%ng différencé of volumes M1

volume



12.

Examiners report

While only a minority of candidates achieved full marks in this question, many candidates made good attempts. Quite a few

candidates obtained the limits correctly and many realized a square was needed in the integral, though a number of them subtracted

then squared rather than squaring and then subtracting. There was evidence that quite a few knew about integration by parts. One

common mistake was to have
, rather than

or .
in the integral.

™
Markscheme
(@)
Ml
u= % =du= —%dw
Al *
=dz = —d—’;
AIMIAT |
fa 1 d @ 1 du

Nlotléwjkward Al forle(ﬁﬁ}étlfntegrand and MIA1 for correct limits.

(upop inlterghanging the two limits) AG
= u

+ 1+a?

(b)

Al
arctanz¢ = arctanu}
Al o °
arcz‘;zgla =aA=a=
arctana + arctan% =
[7 marks]

arctan+
[e3

s
2

Examiners report

[7 marks]

This question was successfully answered by few candidates. Both parts of the question prescribed the approach which was required —

“use the substitution” and “hence”. Many candidates ignored these. The majority of the candidates failed to use substitution properly

to change the integration variables and in many cases the limits were fudged. The logic of part (b) was missing in many cases.



[20 marks]

Markscheme

(a)
(M1)

22 +5x+4=0=>z=—-1lorz=—4

so vertical asymptotes are x=—l and x=—-4 Al

as

then

T — 00

so horizontal asymptoteisy =1 (MI1)Al

y—1

[4 marks]

(b)
Al

22 —bx+4=0=>z=1lorz=4
Al

z=0=y=1

so intercepts are (1, 0), (4, 0) and (0,1)

[2 marks]

© O

f, (%12%15z+4)(2175)7 (22 —5z+4)(22+5)
Al (a2+5z+4) 2

_ 102’40 _ 10(@=2)(@+2)
Ml5m+4) 2 (a?+5z+4) 2
fl@)=0=a=42
so the points under consideration are (-2, —9) and

AIlAI

(2,—3)

looking at the sign either side of the points (or attempt to find

) Ml
f'(=)
e.g if

then
T=-2
and if
(z—2)(z+2)>0

then

z=—-2"

(z—2)(z+2) <0

therefore (-2, —9) is a maximum Al

(i) eg if

then

B=2"

and if
(x=2)(x+2)<0
then

x=2"
(z—2)(z+2)>0
therefore

isa rrllinimum Al

Note:QCandidates may find the minimum first.

[10 marks]



(d)

N
!
{
1
| |
| f
I |

l‘ | (1,—‘1"’\)

A3

Note: Award A1 for each branch consistent with and including the features found in previous parts.

[3 marks]

(e) one Al
[1 mark]

Total [20 marks]

Examiners report

This was the most successfully answered question in part B, in particular parts (a), (b) and (c). In part (a) the horizontal asymptote
was often missing (or x =4, x = 1 given). Part (b) was well done. Use of the quotient rule was well done in part (c) and many
simplified correctly. There was knowledge of max/min and how to justify their answer, usually with a sign diagram but also with the
second derivative. A common misconception was that, as

, the min}mum is at (=2, -9). In part (d) many candidates were unable to sketch the graph consistent with the main features that they

—9 < 1
had éete?mined before. Very few candidates answered part (e) correctly.

v



14.

Markscheme

whenx=2 (Al)

{e sqditio of the parabola is
(M1)

y=p(z—2)*-3
through

(M1)
(0,3)=>3=4p-3=>p=12
the equation of the parabola is

Al
y:%(x—2)2 -3 (= %:cz — 6z +3)
area
MIMIAIL
=2 (3—3z) - (%mz —6z+3)dz
Note: Award2 M1 for recognizing symmetry to obtain
22,
M1 for the difference,

A1 for getting all parts correct.

A

= [, (=32 +9z)dz
[8 marks]

Examiners report

[8 marks]

This was a difficult question and, although many students obtained partial marks, there were few completely correct solutions.



[14 marks]

15.

Markscheme
(@)

‘M1
dv (: ji _3 (: —v2—6400)
dtTMIAz?%v] 200 -
Jo dt= [ T 2180
Tf g)o [0 —L_d

o Vo wrse Y
[4 marks]
® @

R]

R TR
AG
— ol
(i)
Q(A_sz?—s(ﬂ
ds 200
SMIAIAL
Jo ds = Jio 280
fsjc‘l/{el— 40 2000
0 V2480
Al 40 v
SzQOOfV 2+802d
[7 marks]

(¢) lettingV=0 (MI)

distance
Al 40
— v —
= 200];) e dv = 22.3 metres
time

Al 10
= 200f0 1802 dv = 1.16 seconds

Vi

[3 marks]

Total [14 marks]

Examiners report

Many students failed to understand the problem as one of solving differential equations. In addition there were many problems seen in
finding the end points for the definite integrals. Part (b) (i) should have been a simple point having used the chain rule, but it seemed
that many students had not seen this, even though it is clearly in the syllabus.



16.

Markscheme
(a)

g ?) — 2z 15 d"—2m72)

d. d u )
zAludw

o 2(:1: o 1)em —2z—1.5

(b)
M{All x2(z— l)eIZ 2-15_ 1y gr2—22-15
(=— 1)
{4*2’”& et o 2 _2z-1.5

mmﬁnur)n occurs when

(1)
= =0
Al

_ 1 _ 4B
B —RII:I: o (accept B = T)

f87m%t ’:Es’/%- (accept a= #)

Examiners report

[8 marks]

Part (a) was successfully answered by most candidates. Most candidates were able to make significant progress with part (b) but were

then let down by being unable to simplify the expression or by not understanding the significance of being told thata > 1.



17.

Markscheme

EITHER
differentiating implicitly:

MIAI a a
Ixe¥—ze ¥l tevt=1
. dz dz
at the point (c,

Inc

Ml
*CX%%‘FC%:I
(AD

2V 21)

o 0=
<

reasonable attempt to make expression explicit

zeV+eV=1+z
z+e¥ =e¥(l+z)

e —eV(l+z)+z=0
(Al
(e —1)(e¥ —z) =0

eV=1,¢eV=x
Al
y=0,y=Inz
Note: Do not penalize if y = 0 not stated.

dy 1

éi%adiearclt of tangent
Al
_i
Note: If candidate starts with
with no justification, award (M0)(A0)A1A1.
y=Inz
THEN

the equation of the normal is

M1
y—Inc=—c(z—c)

z=0,y=c>+1
(Al)
c2+1—-Inc=¢c?

Inc =

c=e
[7 marks]

Examiners report

(M1)

[7 marks]

This was the first question to cause the majority of candidates a problem and only the better candidates gained full marks. Weaker

candidates made errors in the implicit differentiation and those who were able to do this often were unable to simplify the expression

they gained for the gradient of the normal in terms of c; a significant number of candidates did not know how to simplify the

logarithms appropriately.



18.

[6 marks]
Markscheme

EITHER
attempt at integration by substitution (M)
using

, the integral becomes
u=t+1,du=dt

,Al
[ (u—1)Inudu
then using integration by parts M1

Al 5
2§u— 1)Inudu = [(% —u) lnu} —[? (”—2 —u) X 2du
TRSE :
S J 1
(aclcept 0.25) = Al
1
OR
attempt to integrate by parts  (M1)
correct choice of variables to integrate and differentiate ~ M1

Al

1 2 1 12
i+ 0= [t 0] = s
] :
_ |t 1 rl 1
%lll)l(t+1)]o_5°r"t_1+t+1dt
1 2 1
:f%ln(wn] — i[5 -t+me+y)]

(aclcept 0.25) A1

4
[6 marks]

Examiners report

Again very few candidates gained full marks on this question. The most common approach was to begin by integrating by parts,
which was done correctly, but very few candidates then knew how to integrate
. t’[hose who began with a substitution often made more progress. Again a number of candidates were let down by their inability to

§i+nllplify appropriately.



19.

Markscheme

(a) the distance of the spot from P is

Al
x = 500tand
the speed of the spot is
W MIAI - ,
5 = 500sec?0<- (= 40007sec?6)
when

2 = 2000, sec?d = 17 (6 = 1.32581.. ) (ﬂ - 87r)
MIAI dt
= £ =500 x 17 x 8

speed is

(metres per minute) AG
214 000

Note: If their displayed answer does not round to

, they lose the final A1.
214 000

(b)
&

5 = 8000msec?d tan 6
MIAT

a0\ 2
500 x 25ec20tan0<5>

Al
=43000000 ( = 4.30 x 10”) (metres per minute?)

[8 marks]

Examiners report

(

. d?0
since — =
de?

’)

[8 marks]

This was a wordy question with a clear diagram, requiring candidates to state variables and do some calculus. Very few responded

appropriately.



20.

Markscheme
(a) solving to obtain one root: 1,—2or—5 Al
obtain other roots Al

[2 marks]

(b)

(or equivalent) MIAI
D=ze[-5 —2]UJl, o)
Note: M1 is for 1 finite and 1 infinite interval.

[2 marks]

(¢c) coordinates of local maximum

AIAI
—3.73—-2—4/3, 3.22,/64/3
[2 marks]

(d) use GDC to obtain one root: 1.41,—3.18 or—4.23 Al
obtain other roots Al

[2 marks]

()

4N

Note: Award A1 for shape, A1 for max and for min clearly in correct places, A1 for all intercepts.

K
-

[14 marks]

AIAIAI



Award AIAOAQ if only the complete top half is shown.
[3 marks]

(f) required area is twice that of
between—5and -2 MIAI
y= f(z)

answer 149 Al N3

Note: Award M1A0AO0 for

or é\’l for 7.47.

[ fe)de =7.47..

[3 marks]

Total [14 marks]

Examiners report

This was a multi-part question that was well answered by many candidates. The main difficulty was sketching the graph and this

meant that the last part was not well answered.

21a. [10 marks]

Markscheme

(i) theperiodis2 Al

(i)

(oAl

<2 = 2w cos(mt) + 2 cos(27t)

(1911),41
a= E = —2n?sin(nt) — 472 sin(2mt)
(iii)
v=0
27 (cos(mt) + cos(2mt)) =0
EITHER

M1

cos(mt) + 2cos?(mt) —1 =0

(Al
(2cos(mt) — 1) (cos(nt) +1) =0
Al

cos(mt) =  or cos(mt) = —1
Al
t=1,t=1
Asl 7 11
=L p=Lg=L s—g
OR’® 3 3
2cos(”)cos(3’;) =
AlA1
cos i) =0or cos(ST’rt) =10
A
t=11
AEB:I 7 11
t: 2 9 37 Y
[10 iarks] °



21b.

Examiners report

In (a), only a few candidates gave the correct period but the expressions for velocity and acceleration were correctly obtained by most

candidates. In (a)(iii), many candidates manipulated the equation v = O correctly to give the two possible values for

but then failed to find all the possible values of 7.
cos(mt)

Markscheme

P(n) : f@ (z) = (—1)" (Aa?" sin(ax) + Bb>" sin(bz))
M1

P(1) : f"(x) = (Aacos(ax) + Bbcos(bz)) '

= —Ad? sin(az) — B¥ sin(bz)

Al
= —1(Aa?sin(az) + BV sin(bz))
true
. P(1)
assume that

is true M1
P(k) : f@) (z) = (—1)* (Aa? sin(azx) + BY* sin(bz))
consider

P(k+1)
MIAI

FO () = (~1)* (Aa®*1 cos(az) + BE*1 cos(bx))
Al

FE) (z) = (~1)* (—Aa®*? sin(azx) — B2 sin(bz))

Al
= (1)1 (Aa®**? sin(az) + Bb*+? sin(bz))
true implies
P(k)
true,
P(k+1)
true so
F(1)
true
P(n)

RI1
VYn € Z*T
Note: Award the final R1 only if the previous three M marks have been awarded.

[8 marks]

Examiners report

Solutions to (b) were disappointing in general with few candidates giving a correct solution.

[8 marks]



22. [23 marks]
Markscheme

(@) ()

Al
ze? =0=xz=0

s0, they intersect only once at (0, 0)

(i)

MIAI
y =e®+ze® = (1+z)e”
Al
¥ (0)=1
Al
0 = arctanl =

[5 marks]

(0 =45)

(b) when

k=1L y==z
M1
zef=zr=z(e*—1)=0
Al
=z=0
which equals the gradient of the line
y(0)=1
RI
y=z
so, the line is tangent to the curve at origin  AG

Note: Award full credit to candidates who note that the equation

has a double root x = 0 so y = x is a tangent.

z(e®—1)=0
[3 marks]
© O
M1
ze® =kr = z(e®* —k) =0
Al
=z=0o0rz=Ink
Al
k>0and k#1

(i) (0,0)and

AIAl
(Ink, klnk)

(iii)
MIA1

Ink
ﬁo’feL o gt p‘eﬁﬁﬁg@be omission of absolute value.

(iv)  attempt at integration by parts to find

M1
[ zerdz
i



23.

J rerar = zre” — jerar =ev(r — 1)
as

RI
0<k<l=Ink<0

Al | 0
A= [, kx—zerdx = [%mz —(z— l)ez]
Ink
Al
—1l— (g(lnk)2 — (Ink— l)k)

:k%(lnk)? 721nk+2>

MIA
k 2

=1-2((lnk—-1)“+1
since 2<( ) >

R1
k 2
2(gxbk 1) +1)>0
A<1
[15 marks]
Total [23 marks]

Examiners report

Many candidates solved (a) and (b) correctly but in (c), many failed to realise that the equation

has two roots under certain conditions and that the point of the question was to identify those conditions. Most candidates made a

ze® = kx

reasonable attempt to write down the appropriate integral in (c)(iii) with the modulus signs and limits often omitted but no correct

solution has yet been seen to (c)(iv).

Markscheme

2yt —xy =0

3x2y3 4L 3m3y2y’ —y— a:y’ =10
Note: Award A1 for correctly differentiating each term.

(M1)A1
Yy =-1
gradient of normal=1 (A1)

equation of the normal

Al N2
p=l=m=1
y=z

Note: Award A2RS5 for correct answer and correct justification.

[7 marks]

[7 marks]
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Examiners report

This implicit differentiation question was well answered by most candidates with many achieving full marks. Some candidates made

algebraic errors which prevented them from scoring well in this question.

Other candidates realised that the equation of the curve could be simplified although the simplification was seldom justified.

Markscheme

EITHER
MIAI

— — 1

y=1= ‘
solve simultaneou$y® M1

1

AI (l—alc)2

Nﬂe?@t@ﬁﬁvﬁ@f}rms.

-z —2z(1l-2)?+1=0,z#1

z=165729...=y=

tangency point (1 66, -1 JSj)(im‘%IAI

Al
m = (~1.52137...)? =2.31
OR

(1—z)y=1
MI
m(l—z)(z—m)=1

m(z— 2> —m+mz)=1
Al

ma? —z(m+m?)+(m?+1)=0
(M1)

¥ —4dac=0

(m+4+m?)2 —4m(m?2+1) =0
Al

m =231
substituting

(M1)

m =2.31... into ma? —z(m +m?) + (m? +1

1
y=—2Ll__—_152
tangency point (1.66, —1.52)

[7 marks]

Examiners report

T =m(z —m) and =m

[7 marks]

Very few candidates answered this question well but among those a variety of nice approaches were seen. This question required

some organized thinking and good understanding of the concepts involved and therefore just strong candidates were able to go

beyond the first steps. Sadly a few good answers were spoiled due to early rounding.
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Markscheme

(@)

MIA .
f (.’I}) % (ae®+b)—ae”(a+be”)

(aes+b)?
o abeghrlr?ezfaze’ —abe*®
(ae®+b)?

_ 3%
3 niZ”ks]

(b) EITHER

Al
fl(x)=0= (¥ —a?)e* =0=b=+aore* =0
which is impossible as

and
0<b<a

for all
e >0
RI1
zeR
OR

for all
f(@) <0
since
zeR

and
0<b<a

for all
e >0

AIRI
zeR
OR

cannot be equal to zero because
f'(z)

is never equal to zero AIRI
eI

[2 marks]

(¢) EITHER

f,, (ZWIAIéZI a?)e”(ae”+b)? —2ae’(ae +b) (P —a?)e”

Note: Award A1 for eacil term in the numerator.

_ (P—a?)e”(ae”+b—2ae?)
- (ae*+b)?
_ (P—a?)(b—ae®)e”

ae” g
OR (ae®+b)

f'(z) = (¥ —a)e”(ae” +b) 2
MIAIAL

"(z) = (B? — a?)e®(ae® 4 b)~2 + (V? — a?)e®(—2ae®)(ae® + b) 3

Note: Award A1 for each term.

= (B — a?)e*(ae® +b) 3 ((ae® + b) — 2ae®)

719 RANEYE > 1N/ ~\

[19 marks]



= (0 —a~)e~\ae” +0) “(0—ae)
THEN

MIAI
f”(w)zOéb—ae”zOéw:Ing

Al
o>+
f Qn 2) _ a4t
coordiates at®®

n b >+ b )
b
miarksf

(d)

horizontal asymptote A1
limf(w):%éy:%
“horizontal asymptote Al
lim f(m):a—:>y=§
For all
0<b<a=ae*+b>0

(accept
zeR

)
ae® +b#0
so no vertical asymptotes R1

Note: Statement on vertical asymptote must be seen for R1.
[3 marks]

()

y= 4+e”
dev+1
(or 1.25 to 3 sf)
Y= % & ;= ln%
(M1)A1

V=g 4*"“)2—1 de
(3 sh) AT g\f‘?ﬁl 1
= 1.09

[5 marks]

(MI)(AI)

Total [19 marks]

Examiners report

This question was well attempted by many candidates. In some cases, candidates who skipped other questions still answered, with

some success, parts of this question. Part (a) was in general well done but in (b) candidates found difficulty in justifying that f'(x) was

non-zero. Performance in part (c) was mixed: it was pleasing to see good levels of algebraic ability of good candidates who

successfully answered this question; weaker candidates found the simplification required difficult. There were very few good answers

to part (d) which showed the weaknesses of most candidates in dealing with the concept of asymptotes. In part (e) there were a large

number of good attempts, with many candidates evaluating correctly the limits of the integral and a smaller number scoring full marks

in this part.
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27.

Markscheme

(a) shaded area area of triangle area of sector, i.e.

AIAG
(5 X 4 smaf:) — (52 m) =8sinz — 2z

(b) EITHER

any method from GDC gaining
(M1)(Al)

x~1.32

maximum value for given domain is

A2
5.11
OR

cosz=1=2~1.32
hence

Al
A, =5.11

[7 marks]

Examiners report

Generally a well answered question.

Markscheme

ey +lngy2) +ev=1+e
,at (0, 1 AIAIAIAIAL
. dy 2 dy dy
ey y+-’L‘E Z@“‘eya—o
y

Y _
1140)+2 - +eg =

dy dy
dys 1

hz: MIAL: N2
=—-0.212

[7 marks]

Examiners report

(M1)

[7 marks]

[7 marks]

Implicit differentiation is usually found to be difficult, but on this occasion there were many correct solutions. There were also a

number of errors in the differentiation of

, and although these often led to the correct final answer, marks could not be awarded.

ery
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Markscheme
(@)
®
MI
z —a/T
(A

JEyE —a=0

2

) N2

z = a?
(i)

Al

f@)=1- 7

is decreasing when

)

f <0

= AI 2/F-a
(ii) 27 < e
is increasing when
>0

A1

02022
NO%{ Award the Ml mark for either (ii) or (iit).

(iv)  minimum occurs at

aZ

r = T
minimum value is

(MDAL
ITencé

Al

2

y>—
[10 marks] *

(b) concave up for all values of

R1
T
[1 mark]

Total [11 marks]

Examiners report

This was generally a well answered question.

[11 marks]



29. [10 marks]

Markscheme
(a)

9 (ju)
€ =5

Al
y=10sin6

dy
5= 10cosf

dy “dyde _
éi? ~wa = 30cosf

Y A
cosf = %
(mg&res per minute) (accept

v a2
24.0
[7 marks]

(b)
MIAI
a:i‘l_‘_f
4
a0
[gmargkdst]

Total [10 marks]

Examiners report
Many students were unable to get started with this question, and those that did were generally very poor at defining their variables at
the start.



30.

31.

Markscheme
(a)

Al
fll@)=1-2

Al 3

:>17%=0:>m§ =%=n=4

T3

(b)

Al
f'a) =
3z3
MIAI
f"(8) > 0= atz =38, f(z) has a minimum.

[5 marks]

Examiners report

Most candidates were able to correctly differentiate the function and find the point where

. They were less successful in determining the nature of the point.

fl(z)=0
Markscheme
M1

2+ —22 =23z +=x2
=222 4z =0
=2z(z—2)=0

AlAl
=n=0, =2

Note: Accept graphical solution.

Award M1 for correct graph and AIA 1 for correctly labelled roots.

(M1)
.'.A:f(]2 (@+z—a?)—(2-3z+2?))dx

4z —22?)dz or equivalent

2f£]2
310

¥
"
A

Examiners report

[5 marks]

[7 marks]

This was the question that gained the most correct responses. A few candidates struggled to find the limits of the integration or found

a negative area.
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[6 marks]
Markscheme

METHOD 1

MI " 2
V:7rf1e (%) dz

Integrating by parts:
(M1)

u = (Inz)?, % = m—lz

du _ 2lnz _ 1

@ e VT %
Al

SV=mn <——““j) - 2flz’v—fdw>
(M1)

u=Inz, % = 1—12

du _ 1 _ 1

@ VT

Al
Py PR T PR

...V:ﬂ-|:7%+2<7ln_xfl>:|

Al
=27 —

e

1

5r
e

[6 marks]

METHOD 2

Vilfrfle (h‘—“>2dx

T

Let

(M1I)
Inz =u= z=eY d%:du

12 5
Ik 1“7””) de = [Ldu= [e “u?du= —e "u? +2 [e “udu
=—e "’ +2(—etu+ fetdu) = —e “u? —2e %y —2e ¥
Al
=—e *(u? +2u+2)

Whenx=e,u=1. Whenx=1,u=0.

M1

.. Volume = 7r[—e *(u? +2u +2)] (1]
Al

=m(—5e"1+2) (=2r—X)

[6 marks]

Examiners report
Only the best candidates were able to make significant progress with this question. It was disappointing to see that many candidates
could not state that the formula for the required volume was

. ?f (hlose)who could, very few either attempted integration by parts or used an appropriate substitution.
(22) dx
1 2
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Markscheme
(a)

f (A)I ( )e?

"(z) = (14 2z)e*
@)

f'(z)=0

Al

= (1+2z)e* :O:>m:—%

Al

f'(z) = 22z +2 x 22 1)e® = (4z +4)e*
Al

=2

2>0=>atx= —%, f(z) has a minimum.

11
[7(nm2r’ksfe)

(b)

MIAI
') =0=4c+4=0=>2z=-1
1A1
Using the 2"¢ derivative f” (—1) = 2 and f"(-2) = -2,
the sign change indicates a point 0t inflexion. R ¢

[5 marks]

(¢) (@) fix)isconcave up for
. Al
z>-—1

(i)  flx)is concave down for
. Al

z<-—1

[2 marks]

(d)

Note: Award A1 for P and Q, with Q above P,
A1 for asymptote aty =0,

Al for (0, 0),

A1 for shape.

— %

AIAIAIAL

[27 marks]



[4 marks]

(¢) Show true forn=1 (MI)

Al
f(z) =e* + 2ze™

=e% (14 2x) = (2z +2)e®
Assume true for
MIAI
n==k,i.e fWr= (2" +kx2F e k>1
Consider
. M1 q
n=k-+1,i.e. an attempt to find d—(fk (z))
Al ’
FEH) () = 2ke2r 4 2620 (23 + k x 2F-1)
= (2" +2(2Pz + kx 2" 1)) e®
=(2x2kz+2F 4k x 2 x 2k 1)e
Al
— (2k+1$ + 2k + k% 2k)e2z
Al
— (2k+1m+ (k+ 1)2k) 621
P(n) is true for

is true for k + 1, and since true for n = 1, result proved by mathematical induction
k= P(n)

Vn € Z*"
Note: Only award R1 if a reasonable attempt is made to prove the

step.
(k+1)th
[9 marks]
Total [27 marks]

Examiners report

This was the most accessible question in section B for these candidates. A majority of candidates produced partially correct answers
to part (a), but a significant number struggled with demonstrating that the point is a minimum, despite the hint being given in the
question. Part (b) started quite successfully but many students were unable to prove it is a point of inflexion or, more commonly, did
not attempt to justify it. Correct answers were often seen for part (c). Part (d) was dependent on the successful completion of the first
three parts. If candidates made errors in earlier parts, this often became obvious when they came to sketch the curve. However, few
candidates realised that this part was a good way of checking that the above answers were at least consistent. The quality of curve
sketching was rather weak overall, with candidates not marking points appropriately and not making features such as asymptotes
clear. It is not possible to tell to what extent this was an effect of candidates not having a calculator, but it should be noted that asking
students to sketch curves without a calculator will continue to appear on non-calculator papers. In part (e) the basic idea of proof by
induction had clearly been taught with a significant majority of students understanding this. However, many candidates did not

understand that they had to differentiate again to find the result for (k+ 1) .
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35.

Markscheme

METHOD 1

AIAIAL ]
3x29? + 2$3y£ = —ﬂsin(ﬁy)%
At

MIAI
(-1,1),3-22=0

w4l

dz ~ 2
[6 marks]
METHOD 2
AIAIAL ]
3z?y? + 223y = —wsin(wy)%

aw Al

3z2y?
dz —msin(my)—2z3y

At

MIAI

—msin(m)—2(—1)%(1) 2

2 2
(_17 1), d_y . 3(*1) (1) . §

[6 marks] ’

Examiners report

A large number of candidates obtained full marks on this question. Some candidates missed

and/or
T

[6 marks]

&)Z}/hen differentiating the trigonometric function. Some candidates attempted to rearrange before differentiating, and some made

gfgebraic errors in rearranging.

Markscheme

Let

AI(AI)
u:lnyédu:%dy

tél&n )
f—ydy = [tanudu

f‘ ! |cos ul
= [2%dy = —In|cosu| + ¢
EITHER

]
S/ “ dy = —In|cos(Iny)| +c
OR ’

AlA
f an(lny dy
[6 mdrks]

= In|sec(lny)|+¢

Examiners report

[6 marks]

Many candidates obtained the first three marks, but then attempted various methods unsuccessfully. Quite a few candidates attempted

integration by parts rather than substitution. The candidates who successfully integrated the expression often failed to put the absolute

value sign in the final answer.
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Markscheme

@ @

Al
f,k([ﬂ =3k%z? —2kz +1

f"u(z) = 6k*z — 2k
(i)  Setting

m
F(@)=0

= 6klz —2k=0=>a2=-L
Ml 3k

Hq =) K@) +(3)

Ije%e,
foiksy =)

(b)  Equation of the straight line is
Al
_T
==z
%s thfis equation is independent of , all
lie on this straight line ~ R1

P
[2’c marks]
(c)  Gradient of tangent at

P,
MIAIL

K{fhe g:rafillegflia; ir?dé{?ér((é\) i)f%?ﬁlé?(lﬁ;g@r&s:aré parallel.  RI

Lgé)XL+c:>c:L

tife eqhatich is 2k
AL

15 marks] 7

Total [13 marks]

Examiners report

[13 marks]

Many candidates scored the full 6 marks for part (a). The main mistake evidenced was to treat k as a variable, and hence use the

product rule to differentiate. Of the many candidates who attempted parts (b) and (c), few scored the R1 marks in either part, but did

manage to get the equations of the straight lines.
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Markscheme

(a) Attempting implicit differentiation

Al ay dy
20 +y+ao - +2y- =0
EITHER

Substituting

e.g.
z=-1,y=k

M1, a
—2+k—2+2k2 =0
iz} dz

Attempting to make

(g}e subject M1
o
OR

Attempting to make

(g}e subject e.g.
dz

dy ILII— (2z+y)
dz 42y

Substituting

M1 ) dy
r=—1,y=kinto

THEN

d_yél 27kN1
de ~ 2%k-1

(b) Solving

a Al
%:0forkgivesk:2

[6 marks]

Examiners report

Part (a) was generally well answered, almost all candidates realising that implicit differentiation was involved. A few failed to

M1

[6 marks]

differentiate the right hand side of the relationship. A surprising number of candidates made an error in part (b), even when they had

scored full marks on the first part.



38.

39.

Markscheme

Using integration by parts  (M1)
_ o _ 1
U=T, == ,E—sm%:andv—fgcosh:
Al x oz
[m (—%COSZ:I:)] S —‘];]6 (—%cos2x) dz

&
6

4l 1 G 1.
= [:c (—Ecos2m)] 5" + [Zsm 2z] )

Note: Award the AIA 1 above if the limits are not included.

AI1
[:v (—Ecos 2m)]
[%sinZ:c]g =
AG NO -

6 N = V¥ __ U
fo rsin2zdz = g o

O°|§I Saly

Note: Allow FT on the last two A1 marks if the expressions are the negative of the correct ones.

[6 marks]

Examiners report

This question was reasonably well done, with few candidates making the inappropriate choice of u and

[6 marks]

.d;l“he main source of a loss of marks was in finding v by integration. A few candidates used the double angle formula for sine, with

o
poor results.

Markscheme

(or equivalent) Al

4 (arctan(z — 1)) = A
(RI)

my = —2 and so mp =

1
2
Attempting to solve

(or 1equivalelnt) forx Ml

1+(z-1)2 2

Al
z=2(asz >0)
Substituting

and
B=2
to ﬁgdc Ml
Yy=13

Al NI
c:4+§

[6 marks]

[6 marks]



Examiners report

There was a disappointing response to this question from a fair number of candidates. The differentiation was generally correctly

performed, but it was then often equated to

rather than the correct numerical value. A few candidates either didn’t simplify arctan(1) to
S2TENC

, or stated it to be 45 or
™
1

s
2
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Markscheme
(a)

T =5V5AQ+5QY

[4:’151“\/5(3 ; (22 +4) +5(2 — z) (mins)

(b) Attempting to use the chain rule on

i(5\/5,/ z2 4-4) )=5\/5><%(.7:2+4)7§ X 2z

e
gi@’” {0

['i‘?cnmrkT

© O

Al
b = S/ 244
S/q;:?irin b%th—zides and rearranging to obtain

M1

=TT N

Note: Do not award the final A7 for stating a negative solution in final answer.

(i)
305(n‘@§)1 Y

Note: Allow FT on incorrect x value.

(i) METHOD 1
Attempting to use the quotientrule M1
(AI) du dv
u=g,0= Va?+4, ¢ =1and I = z(z? +4)-12

zz+47—(z +4) 2 g2
Hhomptu e
or eq%%zalen 3 AI_
“agy
\7&71@&4 R
and hencg0 Te= 30 is a minimum RI NO
ﬁote Aliow) 1“7>0n incorrect x value,

0<z<2

METHOD 2
Attempting to use the productrule M1

(Al)
U=z, ,U =22 +4, d“—land%:x(:c2+4)*1/2
P 5 /5(a? +4) V2 — 2 (g2 £ 4) 32 x 22

da?
5522 i
xE+4 TS (x2%4)% )

o 5}/;(@ +4)—5¢/5z? _ 5VB(a?+4-2?)
_ R g T @i
When 4)32

and hencg0 T= 30 is a minimum RI NO
ﬁote Aliow) W7>on incorrect x value,

[18 marks]
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0<xz<2

[11 marks]
Total [18 marks]

Examiners report

Most candidates scored well on this question. The question tested their competence at algebraic manipulation and differentiation. A

few candidates failed to extract from the context the correct relationship between velocity, distance and time.

Markscheme
(a) Either solving

for x, stating
e?—x+1=0

, stating P(x, 0) or using an appropriate sketch graph. M1
0

e*—zx+1=
x=128 Al NI

Note: Accept P(1.28, 0) .

(b) Area

MIAL

=f" (e zil)de
=1.18 AlI NI

Note: Award MIAOA if the dx is absent.

[5 marks]

Examiners report

[5 marks]

This was generally well done. In part (a), most candidates were able to find x = 1.28 successfully. A significant number of candidates

were awarded an accuracy penalty for expressing answers to an incorrect number of significant figures.

Part (b) was generally well done. A number of candidates unfortunately omitted the dx in the integral while some candidates omitted

to write down the definite integral and instead offered detailed instructions on how they obtained the answer using their GDC.
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Markscheme
METHOD 1
EITHER
Using the graph of
e
y=f'(z
)
[ 9]
i.f
//ﬁ\ ~
v )
ay
//
I i e
-1.f - -0.5 ‘x
The maximum of
occursatx=-0.5. Al
(=
OR
Using the graph of
. (M1I)
y=f"(z) y
i 2
b
// \ .
/ | |
,/ a.y
> >
B | - 0-7\ x
The zero of

occursatx=-0.5. Al
f"(z)
THEN

Note: Do not award this A1 for stating x = £0.5 as the final answer for x .

A2
f(—0.5) = 0.607(= e=95)

Note: Do not award this A1 for also stating (0.5, 0.607) as a coordinate.

EITHER
Correctly labelled graph of

for

YRR

Al

Al

[7 marks]



J'(z)
denoting the maximum
z<0
RI
f' (@)
(e.g.

and

f(-0.6) =1.17
stated) AI N2
f(-0.4) =1.16
OR

Correctly labelled graph of

for
f'(z)
denoting the maximum
<0
RI1
f'(z)
(e.g.

and
f"(—0.6) = 0.857
stated) Al N2
f"(—0.4) = —-1.05
OR

7(0.5) ~1.21
just to the left of
f(z) <1.21
PO

and

just to the right of
fl(z) <1.21
RI1

z=-—1
(e.g.

and
7(~0.6)=1.17
stated) Al N2
f(-0.4) =1.16
OR

just to the left of
" (z) >0
and
w f— 71
just o the right of
J"(x) <0

RI

T=—

(e.g.

1

and

f"(—0.6) =0.857
stated) Al N2
f"(-0.4) = —-1.05
[7 marks]

METHOD 2

Al )
f(z) = —dze?

Al
11 — _fp—2a? 2 o—2a2 _ 2 _ —2z?
Jgn%ﬁﬁingzlt% solvd. 16z%e ( i =S )

(M1)
£(@)=0
p=_1
Note: Do not award this A1 for stating

as the 1ﬁnal answer for x .

mziE

Al
f (%) =L (=0.607)

Note* 1St award this A7 for also stating



as a coordinate.
11
(+3)
EITHER
Correctly labelled graph of

for
f' (=)
denoting the maximum
<0
RI
f (@)
(e.g.

and

f(-0.6) =1.17
stated) Al N2
f(—0.4) =1.16
OR

Correctly labelled graph of

for
f"(x)
denoting the maximum
z<0
RI
f'(z)
(e.g.

and
f"(—0.6) = 0.857
stated) Al N2
f"(-0.4) = —-1.05
OR

#(0.5) ~1.21
just to the left of
F(z) <1.21

r=-—1
2
and

just to the right of
f(z) <1.21
RI1 .
r=—=
(e.g. ?

and

f(-0.6) =1.17
stated) Al N2
f(-0.4) =1.16
OR

just to the left of
J" () >0
and
e —d
just to the right of
J"(@) <0

RI1

= A
B==5

and

f"(—0.6) =0.857
stated) Al N2
f"(-0.4) = -1.05
[7 marks]
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Examiners report

Most candidates adopted an algebraic approach rather than a graphical approach. Most candidates found

correctly, however when attempting to find

!
tule. A large number ignored the domain restriction and either expressed
as the {c—coordinates of the point of inflection or identified

raﬁlelr han

r==
. Most {:andidates were unsuccessful in their attempts to justify the existence of the point of inflection.

=73

Markscheme

(@ (@) EITHER
Attempting to separate the variables (M)
@) _
OR+#) 50
Inverting to obtain
a (M1)
w 4D,
THEN1++?)
Al N3
_ 5 1 _ 10 1
t=—50 [ —Lodv (=50 L dv)
(i)
A2 N2 104
fszm({)”?k%% (sec) (=25 lnm(sec))

(®) @
., 011,
Must sel division by v

Al
b Al

dz 50

(i)  Either attempting to separate variables or inverting to obtain
" (M1)
%i eiuifient()mc Al
A&tvémptin@té integrate both sides M1
AlAl

ﬁrg{&nAv\,v:araﬁlﬁg a correct LHS and A1 for a correct RHS that must include C.

When

MI
7 =A(} N 10 and so C = arctan10

z = 50(arctan10 — arctanv)

(i)  Attempting to make

the subject. M1

arckafw

arcﬁ?ﬁﬁ: arctan10 — 5“—0

ﬁs:inisga%(l?gcgaB}QOFnﬂ%léi to obtain the desired form. M1
AG_NO

fl 4:maﬂm}: =

Total [19 marks]

&
, a surprisingly large number either made algebraic errors using the product rule or seemingly used an incorrect form of the product
"

[19 marks]



44,

45,

Examiners report

No comment.

Markscheme

Recognition of integration by parts M1

AlIAI
fmz Inzdz = [z—;lnm} — f’”—; X %da:

= Lw?;lnx} ff%dm

A1: [?lnm — %]

o

3

[:'5> nj;hrks]

Examiners report

22 Inzdz = (?_3) ~(0-1) <:2é‘_+1

[5 marks]

Most candidates recognised that a method of integration by parts was appropriate for this question. However, although a good

number of correct answers were seen, a number of candidates made algebraic errors in the process. A number of students were also

unable to correctly substitute the limits.

Markscheme

AIAIAI
15{}42+10my—y74x:0 . .
ote: AwartFAIA 1 for correct differentiation of

5ay? . .
Aly for correct differentiation of
and 18.
—2x2
At the point (1, 2),
20+20% —4=0
0(yAI i
=Y _—_4
Gralfient of'normal
Al
=8
Eqtiation of normal

M1 s
y—2=3(z—1)

—5,_5438
=47 4+4

14;1 & 4
?77”3’@’(;72 (4y =5z +3)

Examiners report

[7 marks]

It was pleasing to see that a significant number of candidates understood that implicit differentiation was required and that they were

able to make a reasonable attempt at this. A small number of candidates tried to make the equation explicit. This method will work,

but most candidates who attempted this made either arithmetic or algebraic errors, which stopped them from gaining the correct

answer.



46.

Markscheme
(a) Area of hexagon
M
%
(b) Let the height of the box be &
Volume

%hﬁ o
Hencé 90

Al

60

gurfa@hrea,

1

1@ xxxsin60°
12
2

M1
A = §\/§w2 ;:OGh:vl
V3

dz:

d.
)

V3

24 _ 4 200

vidtich 1s§)mtive\/§vhen

, and hence gives a minimum value.
__ 3

T madi sy

Examiners report

R1

[8 marks]

There were a number of wholly correct answers seen and the best candidates tackled the question well. However, many candidates

did not seem to understand what was expected in such a problem. It was disappointing that a significant number of candidates were

unable to find the area of the hexagon.



[7 marks]
Markscheme

1(1+e )
n( )
& ILHAI; -2
dz 213 1te2)

_ 2 9e~ 2z
dm Mll+e 2z

(1 +e %)

Now

Al
e =3eV —1

‘31 —2(3e¥—1)
dz ~ 1+3ev—1

= fi(?)ey -1)

fé3fe Y)
o h

MIAI
eV = 51 +e )
dM

—2z

No

(A1)
e =3eV —1

S vl — *2(361’ —1)

= 2= _2e7y(3ev — 1)

=2(ev-3

)
Noste Only two of the three (A 1) marks may be implied.

[7 marks]

Examiners report

Solutions were generally disappointing with many candidates being awarded the first 2 or 3 marks, but then going no further.



48.

Markscheme

(a) For

’w\/gf:ﬁ
and for
—3<z<3
2arcsin (&
Al (3)
3Lz
3A\13c\3

Bhirk
()
M 58 2
N =
181 (Ix«/g a5 2arcsin < ) dzx

[3 marks]

(©

d MIAI N ) 2
= :A(? _ 372)3 _ T + 3

X l 2
et £ JEZ)JZF #157
oM, e e
_ 11@“2%3)5
[5 ntarks]
(d)

M1 _, P
Pl g, [m\/g x2 + 2arcsin }

P A z2

7p\/9 p2—|—2arcsm +py/9— p2—|—2arcs1n—

[3 %npil\r/k?v] P2+ 4arcsm(3)

()

Mi
11— 2p? —
g =0

Rt Kivdea /9 tbr

p=+2.35

[2 marks]

® @
M]AI 22 % —4z) +z(11 222 )(9—12)75

fll AA( >
g— )+a(11—222) :

_ 46#1&&%1%72@

_ z(éﬁ&syz)%
(0-22)7

(i) EITHER

When

b<9:<3
hen

(=) <
3<z<0
. Al
6” z)>0

Al

PYRPISN _

[21 marks]



49a.

49b.

ST Y

Hence

changes sign through x = 0, giving a point of inflexion. R1
"
a3

I R

is outsi\7%~éhe domain of f. R1
OR 2

isnota of
. 12

"(z)=0
7 marks]

Total [21 marks]

Examiners report

It was disappointing to note that some candidates did not know the domain for arcsin. Most candidates knew what to do in (b) but
sometimes the wrong answer was obtained due to the calculator being in the wrong mode. In (c), the differentiation was often
disappointing with

caugin : roblems. In (f)(i), some candidates who failed to do (c) guessed the correct form of
a(lf)cr%ls% #ably from (d)) and then went on to find
Jg it ctly. In (f)(ii), the justification of a point of inflexion at x = 0 was sometimes incorrect — for example, some candidates showed
i” ply that
f'(x)

is (positive on either side of the origin which is not a valid reason.

[3 marks]

Markscheme

M1
f(—=z) =2cos(—z) + (—z)sin(—z)

Al
=2cosz +zsinz (= f(z))
therefore fiseven Al
[3 marks]
Examiners report
[N/A]

[2 marks]

Markscheme

Al
f'(z) = —2sinz +sinz + zcosz (= —sinz + zcosz)

Al
f"(x) = —cosx +cosxz —xsinz (= —zsinz)
SO

AG
7(0)=0
[2 marks]

Examiners report
[N/A]



49c. [2 marks]

Markscheme

John’s statement is incorrect because

either; there is a stationary point at (0, 2) and since fis an even function and therefore symmetrical about the y-axis it must be a
maximum or a minimum

or;

}s E:V;an and therefore has the same sign either side of (0, 2) R2
"

a3
[2 marks]

Examiners report
[N/A]

50. [5 marks]

Markscheme

(@)

gMz A1A1 —

ind I —~df = In(1 — cosf) +C
Noté‘"sﬁward Alfor™

and A1 for C.
In(1 — cos®)

(b)
MI
!a sinf de =1 :> [ln(l - COSQ)} % =

DI‘I cos 6 2

1 A:PsaNgez = a = arccos(1 — \/e)
2.28

[5 marks]

Examiners report

Generally well answered, although many students did not include the constant of integration.

51. [7 marks]

dm _ dmdy

dt ~ dy dt
T
1000

= sec? (arcsin %) X (arcsin %) "%
1
1 T T

B ﬁ%egigg) * \/17(%)7 * To00

T 22 1000
2 3

3\/(r2—y2) 3
- (‘10 r2y2>

dt



Examiners report

Few students were able to complete this question successfully, although many did obtain partial marks. Many students failed to
recognise the difference between differentiating with respect to

or with respect to
t Very few were able to give a satisfactory geometrical meaning in part (b).

Y



52. [19 marks]

Markscheme
(a) METHOD 1

using GDC

’

a=1

b=414241
e=g
METHOD 2

r=x+2cosz = cosz =0

= T Fr3

2

@<
c=3
M1

1—2sinxz =0

or
=Ssinc=1=z=
5m 2

° Al
b=5
Note: Final MIA 1 is independent of previous work.

s

6

[4 marks]

(b)
or
G - Vs
0.886
(or
f(27(),ﬁ)27r +2
8.28
the range is
(or [

2 — /3, 21+ 2]

?;SSQI
8.28
[3 marks]

(©
(M1)

f'(z) =1—2sinz
Al

r (3T 3
o) =

gradient of normal

(M1)

e_qua%ion of the normal is
M) 1 3

3r o

y —_—— = — = —

(or2e uivafent decimal values) Al N4
y=—zx+2m
5 marits]

@
(or equgﬂvalent) AlAl

K gt Aol 168 205 A 15,
and integrand.
m

(i)

3
V= Wfﬁv_? (932 —(z +2cosz) 2)dar:
=—m [;? (49: cosz + 4cos’z)dz
using irtegration by parts 1

and the identity



53.

, Ml
4cos’z = 2cos2x + 2
AlAl
V = —n[(dzsinz + 4 cosz) + (sin 2z + 2z)]
Note: Award A1 for

and A1 for sin
dzsinz +4cosx

2x + 2x

m|4~|;«=

Al

=-7 [(671'sin“"’7’r —|—4cos377r +sin 37 + 37r) = (27rsz'ng +4cos% +sin7r+7r)}

= —7(—6m+ 37 —)
AG NO
= 6m?
Note: Do not accept numerical answers.

[7 marks]

Total [19 marks]

Examiners report

Generally there were many good attempts to this, more difficult, question. A number of students found
to be equal to 1, rather than 5. In the final part few students could successfully work through the entire integral successfully.

Markscheme
(a)

! _ 1 _ 2z
I (%A Tz =

T

_ 1-2z
(TteWa d A1 for first term,

MI1A1 for second term (M1 for attempting chain rule).

(b)

(M1)
fl@)=0
%= 0.5
Y @i (
I+V3

0500741 N3
2.26

[6 marks]

Examiners report

[6 marks]

Most candidates scored well on this question, showing competence at non-trivial differentiation. The follow through rules allowed
candidates to recover from minor errors in part (a). Some candidates demonstrated their resourcefulness in using their GDC to answer

part (b) even when they had been unable to gain full marks on part (a).



54.

[8 marks]
Markscheme
(@)

(A1)

% =242% +2bz +c
(M1)

24z2 +2bx +c=0
(Al)

A = (2b)* —96(c)
Al

462 —96¢ > 0
AG
b > 24c

(b)
1 1 _
6+b+c=0

—27+3b—3c+d =20
AIATAL
54 —-3b+c=0
Note: Award A1 for each correct equation, up to
, not necessarily simplified.

b=12

¢ =718
d=-7

[8 marks]

Examiners report

Many candidates throughout almost the whole mark range were able to score well on this question. It was pleasing that most
candidates were aware of the discriminant condition for distinct real roots of a quadratic. Some who dropped marks on part (b) either
didn't write down a sufficient number of linear equations to determine the three unknowns or made arithmetic errors in their manual
solution — few GDC solutions were seen.



55.

Markscheme
fﬂdw

T =2sin6
Al
dz = 2cos6dé
Ml
= [/4—4sin?0 X 2cosfdb
= [2cosfx2cosfdb

=4 [cos?0df
now

f cos26do

MIAI
:1{5%005 20 + %)d@

o ﬁsin?& 1 )
SO origina 4nte_§ra?

= 2sin 260 + 260
= 2sinfcos6 + 20

= Q%é X ‘/4272 +2arcsin(%)
— 3)+C

= + 2 arcsi ( )
Note: Do not penalise omission of

c
A=1 B=2
;8 maers] )

Examiners report

[8 marks]

For many candidates this was an all or nothing question. Examiners were surprised at the number of candidates who were unable to
change the variable in the integral using the given substitution. Another stumbling block, for some candidates, was a lack of care with

the application of the trigonometric version of Pythagoras' Theorem to reduce the integrand to a multiple of
. However, candidates who obtained the latter were generally successful in completing the question.

cos20



56.

[7 marks]

Markscheme
(a) let

HPQ =46
tanf =

sec2fdl — Ldh
(A?5 40 dt
a2
dt ~ dsec2f
16

Al

(sec = 2 or 6 = 0.6435
radians per second A
=0.16

(b)

, where PH
x2 = h? +1600

=

, B V/h2+1600
his 80 41

Note: Accept solutions that begin

or use
x = 40secf

h =10t

[7 marks]

Examiners report

For those candidates who realized this was an applied calculus problem involving related rates of change, the main source of error
was in differentiating inverse tan in part (a). Some found part (b) easier than part (a), involving a changing length rather than an angle.
A number of alternative approaches were reported by examiners.



[18 marks]

57.
Markscheme
(@ PQ
and non-intersecting  RI
=50
[1 mark]

(b) aconstruction QT (where T is on the radius MP), parallel to MN, so that
(angle between tangent and radius

(;Tl\ﬂlf 90°

=90°

lengths

ofha angle
iarkld on a diagram, or equivalent RI
0

Note: Other construction lines are possible.

[2 marks]

© @ MN

A
=,/50% — (z — 10)*
(ii)

maximum for MN occurs when
Al
z =10
[2 marks]

@ ©
Ml
a=2m—20
Al

@) = 21 — 2arccos ( w;(}(])
(

f=21—«

=20

e O
AIAIAI E—
b(z) =z + 108 +24/50° — (z — 10)®
MIAT
(ii) = RnmA ot (mmede)) +20 ((cos™t (522)) ) + 2,/50° — (z — 10)°
_#
(iii)  perimeter of

cm
200377

b(x) =200
when

Al
a3 = 24117
[9 marks]

Total [18 marks]

Examiners report

This is not an inherently difficult question, but candidates either made heavy weather of it or avoided it almost entirely. The key to
answering the question is in obtaining the displayed answer to part (b), for which a construction line parallel to MN through Q is
required. Diagrams seen by examiners on some scripts tend to suggest that the perpendicularity property of a tangent to a circle and
the associated radius is not as firmly known as they had expected. Some candidates mixed radians and degrees in their expressions.






[22 marks]

Markscheme
(a)
L
j
03
Qg
/
\
, 7
O T \
02 \

ol

-0y

A3
Note: Award A1 for each correct shape,
A1 for correct relative position.

[3 marks]

(b)
e *sin(4z) =0
Al

sin(4z) =0

,gr(\frac{S\pi H4}) AG

©

or reference to graph
e =e %sin(4z) =0
, Ml

sindzx =1

sindz = 1
:fmc7r2
fragqm2
frac9n2

9




s Al N3

[3 marks]

@

y=-e “sindx

5 MIAL

% = —e *sindx +4e~*cosdx
y=e”
dy 131
==

verifying equality of gradients at one point R1

—I

verifying at the other two  RI

(i) since

o these points they cannot be local maxima R1
dz

[6 marks]

(e) (i) maximum when

MI
y =4e ®cosdxr —e Tsindz =0

> arctan(4)

’arctan(4)+41r
’afétan4(4)+27r

4
maxima occur at

> arctan(4)

T =

‘arctan (4) +or

arcgan E4)+47r
4

SO

C
9
=0.696

Al |
yp = e 1@tan@E20 i (arctan(4) + 27)

st sin(arctan(4))

gz e i(retan®i20) i (arctan(4)) = 0.145)
A

Y= e (erctan(4)+4n) sin(arctan(4) + 4)

N3
= e r@etan@+4m) i (arctan(4)) = 0.0301)
(ii) for finding and comparing
and
Y3
% M1
u

Al .

r=e 2

Note: Exact values must be used to gain the M1 and the A1.

[7 marks]

Total [22 marks]



Examiners report

Although the final question on the paper it had parts accessible even to the weakest candidates. The vast majority of candidates
earned marks on part (a), although some graphs were rather scruffy. Many candidates also tackled parts (b), (c) and (d). In part (b),
however, as the answer was given, it should have been clear that some working was required rather than reference to a graph, which
often had no scale indicated. In part d(i), although the functions were usually differentiated correctly, it was often the case that only
one point was checked for the equality of the gradients. In part e(i) many candidates who got this far were able to determine the
-coordinates of the local maxima numerically using a GDC, and that was given credit. Only the exact values, however, could be used

#h part e(ii).
59a. [3 marks]
Markscheme
@)
Al
f'(z) =e* —exe!
(i) by inspection the two roots are 1,e AIAI
[3 marks]
Examiners report
[N/A]
59b. [3 marks]
Markscheme
A
Yy
3
2 (1,e-1)

A3

v

0 1 2 (e,0) 3 n

Note: Award A1 for maximum, A7 for minimum and A for general shape.

[3 marks]

Examiners report
[N/A]



59c.

60a.

60b.

Markscheme

from the graph:

for all

et > ¢
exceptx=e¢ RI
z>0

putting

, conclude that
r=m
AG
er > m¢
[1 mark]

Examiners report
[N/A]

Markscheme

let

Ml
T =2sinf

Al
dz = 2cos6dé
AIAI

I= [," 2cos6 x 2cos0dd (,:4 0 cos%’d@l
Note: Award A1 for limits and A 1 Tor expressioh.

Al
=2[,' (14 cos260)dd

Al .

=2[0+1sin26]
Al

=1+73

[7 marks]

Examiners report
[N/A]

Markscheme

MIAIAL e
I = [zarcsinz]® — [ z x l_zd:c
Al ke
= [zarcsinz]}® + [\/ 1-— $2}
Al 3 0
= 17r_2 dL 2 — 1|
5 marks?

Examiners report
[N/A]

[1 mark]

[7 marks]

[5 marks]



60c [7 marks]

Markscheme

AlAI)
dt = sec?0df , [0,%} — [0, 1]
MIAI) -

_rt (1+2)
I= ‘I;) 3 2

=2
) 1482

:j}l G )
0 3442

Al
= %I[arctan(%)] (1]

" 6V3
[7m\£rks]

Examiners report
[N/A]

6la [3 marks]

Markscheme

Al
f'(z) =e*sinz +e”cosz
Al
f"(z) = e®sinz + e®cosx +e”cosz —e”sinx
Al
= 2e”cosx
AG
= 2e%sin (m + %)
[3 marks]

Examiners report
[N/A]

61b. [4 marks]

Markscheme

Al
f" () = 2¢"sin(z + I) + 2e% cos(z + 7)

Al

F@ (z) = 2e%sin (x + ) + 2e7 cos(z + 3) + 2e® cos(z + T) — 2e®sin(z + 3)
Al

= 4e” cos(z + %)
Al

= 4e®sin(z + )

[4 marks]

Examiners report
[N/A]



6lc. [8 marks]
Markscheme

the conjecture is that

Al
f@) (z) =2"esin(z + "—2")
for n =1, this formula gives

which is correct Al
f"(z) = 2e%sin(z + I)
let the result be true forn =k,

Ml

gg.e. ) (z) = 2*e” sin (m + k—;))
nsider
Ml

FORD () = 2Fersin (a: + %) + 2ke® COS(:E + %’r)
Al

FEED) () = 2ker sin (a: + %’T) + 2ke? cos(:c + k—z’r) + 2Fer cos(:c + k—z") — 2ket sin (:c + k—z”)
Al

= Qhtler cos(w + %’r)
Al

= 2F+lezgin (fa: + M)
therefore true Yor

true for
n = ki=

and since true for
n=k+1

n=1
the result is proved by induction. R1

Note: Award the final RI only if the two M marks have been awarded.

[8 marks]

Examiners report
[N/A]

62a. [6 marks]

Markscheme

fcontinuous

M1
= lim f(z) = lim f(z)

z?Z z—2°

4a+2b=8
Al ) )
T <
() — )
@) {2ax+b, 2<x <3
f' continuous = lim f'(z) = lim f'(z)
Al z—2" z—27
4a+b=2

solve simultaneously M1
toobtaina=-landb=6 Al

[6 marks]



62b.

62cC.

63a.

Examiners report
[N/A]

Markscheme

for

Al
£<2, f(2)=2>0

Al
2<z<3, fl(z)=—2z+6>0
since
for all values in the domain of f, fis increasing  R1

"(z)> 0
erefore one-to-one  AG

[3 marks]

Examiners report
[N/A]

Markscheme

MI
r=2—1=y=21
MI

2

z=—y’+6y—5=9y*—6y+z+5=0
y=3+t4—2

therefore

AIAIAL
z+1

), < 3 .
NT)]téf)Aw{dgAl for the first lige and AIA1 for the second line.

44—z, 3<z<4

[5 marks]

Examiners report
[N/A]

Markscheme
(i) displacement

M

= [Zovdt
Al

=0.703 (m)

(i) total distance
M1)

= ﬁfbdt

= 2.05 (m)
[4 marks]

[3 marks]

[5 marks]

[4 marks]



63b.

64.

65a.

Examiners report
[N/A]

Markscheme

solving the equation
(M1)
fot lggs(u?)|du =1

t=1.39(s)
[2 marks]

Examiners report
[N/A]

Markscheme

[2 marks]

[7 marks]

let x, y (m) denote respectively the distance of the bottom of the ladder from the wall and the distance of the top of the ladder from the

ground
then,
MIAIL

x2 + 142 =100

MIAI

when

and
z=4,y=+84
W Al

substituting,

Al .
2 ><4><0.5+2\/84d—z:0

a Al 0.218 ms~?
E—*. ms

(speed of descent is

)
0.218 ms!
[7 marks]

Examiners report
[N/A]

Markscheme

f (M)IAH%I (mz) (z + 1) cos(mz)
() = —=—sin(nmz) + 7wln(x + 1) cos(mz
3 marksJ ™!

[3 marks]



Examiners report
[N/A]

65b [4 marks]

" Markscheme

Y4

Note: Award AIA1 for graphs, AIA1 for intercepts.

[4 marks]

Examiners report
[N/A]

65c. [2 marks]

Markscheme
0.310,1.12 AIAI

[2 marks]

Examiners report
[N/A]

65d. [3 marks]

Markscheme

Al
17(0.75) = —0.839092
so equation of normal is

MI1
y —0.39570812 =
Al
y =119z — 0.498
[3 marks]

1
0.839092 (z —0.75)



65e.

66a.

Examiners report
[N/A]

Markscheme

A(0, 0)
——
B(0.548...,0.432..)

d

—_——~
Cc(1.44...,~0.881...)

Note: Accept coordinates for B and C rounded to 3 significant figures.

area

(ci + dj)
AABC = 1|

(ei + ff)
X
MIAI

{11
= g(de —cf)
Al

=0.554
[6 marks]

Examiners report
[N/A]

Markscheme

Al cos T
‘f/ (ZI)) = 14-sinz
MIAI )
— sinz(1+sinz)—cos z cos z
f'(@) = :

1 (1+sinz)
_ “dinz—(sin*z+cos’z)

(1+sinz) 2

AG
1

" Ttsine

[4 marks]

Examiners report
[N/A]

[6 marks]

[4 marks]



66b.

66¢C.

67a.

Markscheme

Al
" z) = COS T
f I(W}AI (14sinz) 2

@ () — — sinz(1+sinz) > —2(1+sinz)cos’z
f A(ll) (1+sinz) *
f(0) =0, f/(0) =1, f"(0) = -1
Al
fm0)=1, f9(0)=
Al 2 2

(ii)  the series contains even and odd powers of x

[7 marks]

Examiners report

[N/A]
Markscheme
2B, .
M{H—smz =63 hmw z+6x2+~"
zﬁ({AILJr =, z—0
hmf
af

Note: Use of I’Hopital’s Rule is also acceptable.

[3 marks]

Examiners report

[N/A]

Markscheme

we note that

for

f(0) =0, f(z) =

and

z>0

flx) =z forz <0
MIAI

lim f(z) = lim z =0

z—04 1 z—0"

lim f(z) = lim 3z =0

ginte z0

, the function is continuous whenx=0 AG

f(0) =0

sMedy 50 _ g
za% 1 ;o z—0- M
lim M = lim 3 3
theSe limits are uneé’lu’é’f

so fis not differentiable when x =0 AG

[7 marks]

[7 marks]

[3 marks]

[7 marks]



Examiners report
[N/A]

67b. [3 marks]

Markscheme

MI N
f,aa fl(ﬂv)dw = La zdz + foa 3zdzx
0 a
== 3
QZI} L
[3 marks]

Examiners report
[N/A]
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