TOpiC 8 Part 1 /350 marks)

la.

1b.

1c.

[3 marks]

Markscheme
a=1 b=8 c=4
d=8 e=4 f=2
g=4 h=2 i=1 A3

Note: Award A3 for 9 correct answers, A2 for 6 or more, and A1 for 3 or more.

[3 marks]

Examiners report

The first two parts of this question were generally well done. It was surprising to see how many difficulties there were
with parts (c) and (d) with many answers given as {4}, {11} and {14} for example.

[3 marks]
Markscheme
Elements Order
1 1
A3
411,14 2
2.7.8.13 4

Note: Award A3 for 8 correct answers, A2 for 6 or more, and A1 for 4 or more.

[3 marks]

Examiners report

The first two parts of this question were generally well done. It was surprising to see how many difficulties there were
with parts (c) and (d) with many answers given as {4}, {11} and {14} for example.

[2 marks]

Markscheme
{1, 4}, {1, 11}, {1, 14} A1A1

Note: Award A1 for 1 correct answer and A2 for all 3 (and no extras).

[2 marks]

Examiners report

The first two parts of this question were generally well done. It was surprising to see how many difficulties there were
with parts (c) and (d) with many answers given as {4}, {11} and {14} for example.



1d.

2a.

[4 marks]
Markscheme
{1, 2, 4, 8}, {1, 4, 7, 13}, A1A1
{1, 4, 11, 14} A2
[4 marks]

Total [12 marks]

Examiners report

The first two parts of this question were generally well done. It was surprising to see how many difficulties there were
with parts (c) and (d) with many answers given as {4}, {11} and {14} for example.

[4 marks]
Markscheme
METHOD 1
f@)=fly) = 355 = 575 M1A1
for attempting to cross multiply and simplify M1
4z +1)(2y — 1) = (2z — 1)(dy + 1)
=8xy+2y—4x—1=8zy+ 2z —4y— 1= 6y =6z
=x=y Al
hence an injection AG
METHOD 2
O
<0 (forallz#0.5) R1
therefore the function is decreasing on either side of the discontinuity
and f(z) < 2andz < 0.5for f(z) > 0.5 R1
hence an injection AG
Note: If a correct graph of the function is shown, and the candidate states this is decreasing in each part (or

horizontal line test) and hence an injection, award M1A1R1.

[4 marks]

Examiners report

Most students indicated an understanding of the concepts of Injection and Surjection, but many did not give rigorous
proofs. Even where graphs were used, it was very common for a sketch to be so imprecise with no asymptotes marked
that it was difficult to award even partial credit. Some candidates mistakenly stated that the function was not surjective
because 0.5 was not in the domain.



2b.

3a.

[4 marks]

Markscheme
METHOD 1
attempt to solve y = % M1

y2z—1)=4dz+1=2zy—y=4z+1 A1

o 1ty
2xy—4m—1+y:>x——2y74 Al

no value fory =2 R1
hence not a surjection AG
METHOD 2

considery =2 Al

4x+1
2z—1

4dr —2=4zx+1 A1

attempt to solve 2 = M1

which has no solution R1
hence not a surjection AG

Note: If a correct graph of the function is shown, and the candidate states that because there is a horizontal
asymptote at y = 2 then the function is not a surjection, award M1IR1.

[4 marks]
Total [8 marks]

Examiners report

Most students indicated an understanding of the concepts of Injection and Surjection, but many did not give rigorous
proofs. Even where graphs were used, it was very common for a sketch to be so imprecise with no asymptotes marked
that it was difficult to award even partial credit. Some candidates mistakenly stated that the function was not surjective
because 0.5 was not in the domain.

[4 marks]
Markscheme
gop=(13)(25)(125) (M1)
=(153) MiA1A1

Note: M1 for an answer consisting of disjoint cycles, A1 for (15 3),

A1 for either (2) or (2) omitted.

(1 2 3 4 5)
Note: Allow

5 2 1 4 3
If done in the wrong order and obtained (1 3 2), award A2.

[4 marks]

Examiners report

Many students were unable to start the question, seemingly as they did not understand the cyclic notation. Many of
those that did understand found it quite straightforward to obtain good marks on this question.



3b.

3c.

4a.

[3 marks]
Markscheme
(i) any cycle with length 4 eg (1234) A1

(i) any permutation with 2 disjoint cycles one of length 2 and one of length 3 eg (12) (345) MI1A1

Note: Award M1AO for any permutation with 2 non-disjoint cycles one of length 2 and one of length 3.
Accept non cycle notation.

[3 marks]

Examiners report

Many students were unable to start the question, seemingly as they did not understand the cyclic notation. Many of
those that did understand found it quite straightforward to obtain good marks on this question.

[4 marks]
Markscheme
i 1,2),@1,3),d,4),d,5 ™MiA1

(i) (23),(24),(25),(34),(35),(45) (M1)
6 Al

Note: Award M1 for at least one correct cycle.
[4 marks]
Total [11 marks]

Examiners report

Many students were unable to start the question, seemingly as they did not understand the cyclic notation. Many of
those that did understand found it quite straightforward to obtain good marks on this question.

[4 marks]
Markscheme
fleg) =en = fla*xa™') =ex M1
fisahomomorphismso f(axa™!) = f(a)o f(a™!) =ey M1A1
by definition f(a) o (f(a)) ™ = ex so f(a™1) = (f(a)) " (by the left-cancellation law) R1
[4 marks]

Examiners report

Part (a) was well answered by those who understood what a homomorphism is. However many candidates simply did
not have this knowledge and consequently could not get into the question.



4b.

4c.

5a.

[4 marks]
Markscheme
from (@) f(z ) = (f(2))
hence f(z7!) = (p?)"! =p° Mi1A1
[2 marks]

Examiners report

Part (b) was well answered, even by those who could not do (a). However, there were many who having not understood
what a homomorphism is, made no attempt on this easy question part. Understandably many lost a mark through not

simplifying ;Lf2 to p5.

[4 marks]
Markscheme
f(zxy) = f(z) o f(y) (homomorphism) (M1)
PPofly)=p A1
fly)=p°op (M1)
=pb A1
[4 marks]
Total [10 marks]

Examiners report

Those who knew what a homomorphism is generally obtained good marks in part (c).

[2 marks]

Markscheme
in a finite group the order of any subgroup (exactly) divides the order of the group A1A1

[2 marks]

Examiners report

Many students obtained just half marks in (a) for not stating the requirement of the order to be finite.



5b.

5c.

[3 marks]

Markscheme
METHOD 1

(axb ) x(bxal)=axblxbxal=a*xexa ! =axal=e MI1A1A1
Note: M1 for multiplying, A1 for at least one of the next 3 expressions,
Al fore.

Allow (bxa 1) *(a*b 1) =bxalxa*xb ! =bxexbl =bxb!=e

METHOD 2

(axb ) t=(b1)"1xa! MiA1
=b*xa A1

[3 marks]

Examiners report

Part (b) should have been more straightforward than many found.

[8 marks]
Markscheme

axal=ec H (as
His a subgroup) M1

so aRa and hence R is reflexive

aRb < ax b1 € H. His a subgroup so every element has an inverse in H so
(axb')leH R1

&bxaleH&bRa M1

so R is symmetric

aRb, bRc < axb ' €c H bxc '€ H M1

as Hisclosed (a xb ') *(bxc ') € H R1

and using associativity R1
(axb1)x(bxcl)=a*x(btxb)xc!=a*xc!ecH&aRec Al
therefore R is transitive

R is reflexive, symmetric and transitive
Note: Can be said separately at the end of each part.

hence itis an equivalence relation AG

[8 marks]

Examiners report

In part (c) it was evident that most candidates knew what to do, but being a more difficult question fell down on a lack
of rigour. Nonetheless, many candidates obtained full or partial marks on this question part.



5d.

Se.

6a.

[3 marks]
Markscheme
aRb = axb'c Heaxb ! =hecH Al
< a=hxb<sac Hb MIR1
[3 marks]

Examiners report

Part (d) enabled many candidates to obtain, at least partial marks, but there were few students with the insight to be
able to answer part (e) satisfactorily.

[3 marks]
Markscheme

(d) implies that the right cosets of H are equal to the equivalence classes of the relationin (c) R1
hence the cosets partition G R1

all the cosets are of the same size as the subgroup H so the order of G must be a multiple of |[H| R1
[3 marks]

Total [19 marks]

Examiners report

Part (d) enabled many candidates to obtain, at least partial marks, but there were few students with the insight to be
able to answer part (e) satisfactorily.

[4 marks]
Markscheme

P q r 5 t u

q r u r

r P (M1)A4

5 p|a

t u | p

u P t

Note: Award M1 for use of Latin square property and/or attempted multiplication, A1 for the first row or column, A1
for the squares of ¢, r and s, then A2 for all correct.

Examiners report

The majority of candidates were able to complete the Cayley table correctly. Unfortunately, many wasted time and
space, laboriously working out the missing entries in the table - the identity is p and the elements g, 7 and s are clearly
of order two, so 14 entries can be filled in without any calculation. A few candidates thought ¢ and uw had order two.



6b.

6cC.

7a.

[6 marks]
Markscheme
M plt=pgl=qgri=rst=s A1

tl=uul=t A1
Note: Allow FT from part (a) unless the working becomes simpler.

(ii)  using the table or direct multiplication (M1)
the ordersof {p, q, r, s, t, u}are{l, 2, 2, 2, 3, 3} A3

Note: Award Al for two, three or four correct, A2 for five correct.

[6 marks]

Examiners report

Generally well done. A few candidates were unaware of the definition of the order of an element.

[2 marks]
Markscheme
M {p, r} (and (Ss, ) AL
(i) {p, u, t} (and (S3, o)) A1

Note: Award AOAL if the identity has been omitted.

Award A0 in (i) or (ii) if an extra incorrect “subgroup” has been included.
[2 marks]

Total [13 marks]

Examiners report

Often well done. A few candidates stated extra, and therefore incorrect subgroups.

[2 marks]
Markscheme
attempt to solve e3y —ey=ymod7 (M1)
the only solutionise =5 A1

[2 marks]

Examiners report

Many candidates were not sufficiently familiar with modular arithmetic to complete this question satisfactorily. In
particular, some candidates completely ignored the requirement that solutions were required to be found modulo 7,
and returned decimal answers to parts (a) and (b). Very few candidates invoked Lagrange's theorem in part (b)(ii).
Some candidates were under the misapprehension that a group had to be Abelian, so tested for commutativity in part
(b)(ii). It was pleasing that many candidates realised that an identity had to be both a left and right identity.



7b.

7c.

8a.

[5 marks]
Markscheme
(i) attempttosolve z* — 22 =5mod 7 (M1)
least solutionisx =2 A1l
(i) suppose (S, *)is a group with order 7 A1
2 hasorder2 A1
since 2 does not divide 7, Lagrange’s Theorem is contradicted R1
hence, (S, *) isnota group AG
[5 marks]

Examiners report

Many candidates were not sufficiently familiar with modular arithmetic to complete this question satisfactorily. In
particular, some candidates completely ignored the requirement that solutions were required to be found modulo 7,
and returned decimal answers to parts (a) and (b). Very few candidates invoked Lagrange's theorem in part (b)(ii).
Some candidates were under the misapprehension that a group had to be Abelian, so tested for commutativity in part
(b)(ii). It was pleasing that many candidates realised that an identity had to be both a left and right identity.

[3 marks]

Markscheme
(5 is a left-identity), so need to test if it is a right-identity:

ie,isyxb=y? M1
1+5=0#1 A1

so 5 is notan identity Al
[3 marks]

Total [10 marks]

Examiners report

Many candidates were not sufficiently familiar with modular arithmetic to complete this question satisfactorily. In
particular, some candidates completely ignored the requirement that solutions were required to be found modulo 7,
and returned decimal answers to parts (a) and (b). Very few candidates invoked Lagrange's theorem in part (b)(ii).
Some candidates were under the misapprehension that a group had to be Abelian, so tested for commutativity in part
(b)(ii). It was pleasing that many candidates realised that an identity had to be both a left and right identity.

[2 marks]
Markscheme

in a product of three consecutive integers either one or two are even R1
and one is a multiple of 3 R1

so the productis divisible by 6 AG

[2 marks]

Examiners report

A surprising number of candidates thought that an example was sufficient evidence to answer this part.



8b.

8c.

8d.

8e.

[3 marks]
Markscheme
to test reflexivity, puty = M1
thenz’z —z= (z— 1)z(z+1) =0mod 6 M1A1
sozRx AG
[3 marks]

Examiners report

Again, a lack of confidence with modular arithmetic undermined many candidates' attempts at this part.

[3 marks]
Markscheme
if 5 Ry then 25y = y mod 6 (M1)

24y =0mod 6 (M1)

the set of solutionsisZ A1l

Note: Only one of the method marks may be implied.

[3 marks]

Examiners report

(c) and (d) Most candidates started these parts, but some found solutions as fractions rather than integers or omitted
zero and/or negative integers.

[2 marks]
Markscheme
if 3Ry then 9y = y mod 6
8y=0mod 6 = 4y=0mod 3 (M1)
the set of solutions is 3Z (ie multiples of 3) A1
[2 marks]

Examiners report

(c) and (d) Most candidates started these parts, but some found solutions as fractions rather than integers or omitted
zero and/or negative integers.

[2 marks]
Markscheme
from part (c) 5bR3 A1

from part (d) 3Rb is false Al

R is notsymmetric AG

Note: Acceptother counterexamples.
[2 marks]
Total [12 marks]



9a.

9b.

Examiners report

Some candidates regarded R as an operation, rather than a relation, so returned answers of the form a Rb # bRa.

[6 marks]
Markscheme
(i) to testinjectivity, suppose f(z1) = f(ze) M1

apply g to both sides g (f(21)) = g (f(z2)) M1
=T =2y Al
so fisinjective AG

”

Note: Do notacceptarguments based on “f has an inverse”.

(i) to testsurjectivity, suppose z € X M1
definey = f(z) M1

theng(y) =g (f(z)) ==z A1l

so g is surjective AG

[6 marks]

Examiners report

Those candidates who formulated the questions in terms of the basic definitions of injectivity and surjectivity were
usually sucessful. Otherwise, verbal attempts such as ' f is one - to - one = f is injective' or 'g is surjective because
its range equals its codomain', received no credit. Some candidates made the false assumption that f and g were
mutual inverses.

[3 marks]
Markscheme
choose, for example, f(z) = /z and g(y) = y> A1
then go f(z) = (\/E)2 =z Al

the function g is not injective as g(z) = g(—z) R1

[3 marks]
Total [9 marks]

Examiners report

Few candidates gave completely satisfactory answers. Some gave functions satisfying the mutual identity but either
not defined on the given sets or for which g was actually a bijection.



10a.

10b.

[5 marks]

Markscheme
622 611
closure: é% + 6% = % € G AIlR1

Note: Award Al for RHS of equation. R1 is for the use of two different, but not necessarily most general elements,
and the result € G or equivalent.

identity: 0 A1
inverse:_ﬁ—? Al

since associativity is given, (G, +) formsa group RIAG

Note: The R1 isfor considering closure, the identity, inverses and associativity.

[5 marks]

Examiners report

This part was generally well done. Where marks were lost, it was usually because a candidate failed to choose two
different elements in the proof of closure.

[4 marks]
Markscheme
itis required to show that H is a proper subsetof G (M1)

let 3ﬂ €H M1
then 3—’: = 2(;—? € G hence H is a subgroup of G A1l

H#Gsince%EGbut% ¢H A1
Note: The final Al is only dependenton the first M1.

hence, H is a proper subgroup of G AG
[4 marks]

Examiners report

Only a few candidates realised that they did not have to prove that H is a group - that was stated in the question. Some
candidates tried to invoke Lagrange's theorem, even though G is an infinite group.



10c. [7 marks]

Markscheme

consider ¢(g1 + g2) = (1 + 92) + (1 +92) M1
= (9 +9) + (92 + ) = ¢(g1) + ¢(g2) A1
(hence ¢ is a homomorphism)

injectivity: let ¢(g1) = &(g2) M1

working within Q we have 2g; = 2gs = g1 = ¢g» Al

surjectivity: considering even and odd numerators M1

n 2n 3(2""'+1)) 2n+1
— ) = = — | = — AlAl
¢ (61) 6! and ¢ ( 61+1 6!

hence ¢ is an isomorphism AG
[7 marks]
Total [16 marks]

Examiners report

Many candidates showed that the mapping is injective. Most attempts at proving surjectivity were unconvincing. Those
candidates who attempted to establish the homomorphism property sometimes failed to use two different elements.

1la. [2 marks]

Markscheme

xis closed Al
because

1+ ab € N (when
a,beN) RI

[2 marks]

Examiners report

For the commutative property some candidates began by setting

axb = bxa . For the identity element some candidates confused

e*a and

ea stating

ea = a . Others found an expression for an inverse element but then neglected to state that it did not belong to the set of natural
numbers or that it was not unique.

11b. [2 marks]

Markscheme

consider

axb=1+ab=1+ba=bxa MIAI
therefore

* s commutative

[2 marks]



Examiners report

For the commutative property some candidates began by setting

axb = bx*a . For the identity element some candidates confused

exa and

ea stating

ea = a . Others found an expression for an inverse element but then neglected to state that it did not belong to the set of natural
numbers or that it was not unique.

llc. [3 marks]

Markscheme

EITHER

ax(bxc)=ax(1+bc)=1+a(l+bc) (=1+a+abc) Al
(axb)*xc=(14+ab)*xc=1+c(l+ab) (=1+c+abc) Al
(these two expressions are unequal when

a #¢) so

* is not associative  RI

OR

proof by counter example, for example

1x(2x3)=1x7=8 Al

(1x2)x3=3%x3=10 Al

(these two numbers are unequal) so

* is not associative ~ RI

[3 marks]

Examiners report

For the commutative property some candidates began by setting

axb = bxa . For the identity element some candidates confused

e*a and

ea stating

ea = a . Others found an expression for an inverse element but then neglected to state that it did not belong to the set of natural
numbers or that it was not unique.



11d [3 marks]

" Markscheme

let e denote the identity element; so that

axe=1+ae=agives

a—1
a

e= (where

a#0) Ml

then any valid statement such as:

a—1

— ¢ Noreisnotunique RI

there is therefore no identity element Al

Note: Award the final A7 only if the previous R1 is awarded.

[3 marks]

Examiners report

For the commutative property some candidates began by setting

axb = bx*a . For the identity element some candidates confused

exqaand

ea stating

ea = a . Others found an expression for an inverse element but then neglected to state that it did not belong to the set of natural
numbers or that it was not unique.

[4 marks]

12a.
Markscheme

A4

Note: Award A3 for one error, A2 for two errors, A1 for three errors, A0 for four or more errors.

[4 marks]

Examiners report
There were no problems with parts (a), (b) and (d).



12b.

12c.

12d.

Markscheme

any valid reason, for example

not a Latin square
7 has no inverse

[1 mark]

Examiners report

R1

[1 mark]

There were no problems with parts (a), (b) and (d).

Markscheme

delete 7 (so that G = {1, 3, 5,9, 11, 13})

closure — evident from the table

[5 marks]

Al

associative because multiplication is associative Al

the identity is 1 Al

13 is self-inverse, 3 and 5 form an inverse
pair and 9 and 11 form an inverse pair
the four conditions are satisfied so that

{G, x4} isagroup AG

[5 marks]

Examiners report

There were no problems with parts (a), (b) and (d) but in part (c) candidates often failed to state that the set was associative under the
operation because multiplication is associative. Likewise they often failed to list the inverses of each element simply stating that the
identity was present in each row and column of the Cayley table.

Markscheme

Element

Order

1

3

5

9

11

13

ot | R | Vd [ D% | O | =

[4 marks]

A4

Note: Award A3 for one error, A2 for two errors, A1 for three errors, A0 for four or more errors.

[4 marks]

Examiners report

The majority of candidates did not answer part (d) correctly and often simply listed all subsets of order 2 and 3 as subgroups.



12e. [2 marks]

Markscheme
{1)

{1, 13}

{1,9,11} AIAIl

[2 marks]

Examiners report
[N/A]

13a. [5 marks]



Examiners report
For the most part the piecewise function was correctly graphed. Even though the majority of candidates knew that it is required to
establish that the function is an injection and a surjection in order to prove it is a bijection, many just quoted the definition of injection

or surjection and did not relate their reason to the graph.



13b.

Markscheme
considering the linear section, put
y=2x+1or

z=2y+1 (MI)

EITHER

y=(z—1)+4 MIAI

(z—1)2=y—4
r=1+,/y—4 Al
r=1+,/y—4

taking the + sign to give the right hand half of the parabola
SO

fiz)=1+vVz—4,z>5 Al

OR

considering the quadratic section, put

y=xz%—-2z+5

22 —2x+5—y=0 MI

2i\/4—4(5—y

)
= 5 (=1+£,/y—4) MIAI
taking the + sign to give the right hand half of the parabola

SO

o \/474(5%)

R1

R1

fie)=——=——2z>5(f'(z)=1++vz—4, z>5)

Note: Award A0 for omission of

f~!(z) or omission of the domain. Penalise the omission of the notation

(=) only once. The domain must be seen in both cases.

[8 marks]

[8 marks]



14a. [6 marks]

Markscheme

reflexive:

a(a+1) = a(a+1)(mod 5), therefore aRa  R1

symmetric:

aRb = a(a+1)=b(b+1)+5N Ml

=bb+1)=ala+1)—5N =0bRa Al

transitive:

EITHER

aRband bRec = a(a+1) =b(b+1)+5M and b(b+1) =c(c+1)+5N Ml
it follows that

ala+1)=c(c+1)+5M+N)=aRc MIAI

OR

aRb and bRc = a(a+1) =b(b+1)( mod 5) and
b(b+1)=c(c+1)(mod5) MI

a(a+1) —b(b+1) =0(mod 5); b(b+1) —c(c+1)=0(mod5) MI
ala+1)—c(c+1)=0mod 5= a(a+1) =c(c+1) mod 5= aRc Al

[6 marks]

Examiners report

Candidates knew the properties of equivalence relations but did not show sufficient working out in the transitive case. Others did not
do the modular arithmetic correctly, still others omitted the
mod (5) in part or throughout.

14b. [3 marks]

Markscheme

the equivalence can be written as

a>+a—0 —-b=0(modb5) Ml
(a—b)(a+b)+a—b=0(mod5) MIAI
(a—b)(a+b+1)=0(mod5) AG

[3 marks]

Examiners report

Candidates knew the properties of equivalence relations but did not show sufficient working out in the transitive case. Others did not
do the modular arithmetic correctly, still others omitted the
mod (5) in part or throughout.



14c. [4 marks]

Markscheme
the equivalence classes are
{1,3,6,8, 11}

{2,7,12}

{4,5,9,10} A4

Note: Award A3 for 2 correct classes, A2 for 1 correct class.

[4 marks]

Examiners report

Candidates knew the properties of equivalence relations but did not show sufficient working out in the transitive case. Others did not
do the modular arithmetic correctly, still others omitted the
mod (5) in part or throughout.



15.

Markscheme

(a) yes Al
because the Cayley table only contains elements of S RI
[2 marks]

(b) yes Al
because the Cayley table is symmetric ~ R1
[2 marks]

(¢c) no Al
because there is no row (and column) with 1, 2,3,4,5 RI
[2 marks]

(d) attempt to calculate
(aAb)Ac and

aA(bAc) for some

a, bceS Ml
counterexample: for example,
(1A2)A3 =2

1A(2A3) =1 Al

A is not associative Al

Note:  Accept a correct evaluation of
(aAb)Ac and

aA(bAc) for some

a, b, c € S for the M1.

[3 marks]

(e) for example, attempt to enumerate
4Abforb=1,2,3,4,5and obtain (3,2, 1,4, 1) (MI)
find

(a, b) € {(2, 2), (2, 3)} for

a # 4 (or equivalent) AIAI

Note: Award MIA1AQ if extra ‘solutions’ are listed.

[3 marks]

Total [12 marks]

Examiners report
[N/A]

[12 marks]



16a.

Markscheme

Notes: A2 for all correct, A1 for three to five correct.

(i) EITHER

closure: if

S1, So € S, then

8 = % and

8y = % for some
m,nec¢. Ml

Note:  Accept two distinct examples (eg,
141-1;141=23)forthe MI.

S1+ 8y = m;” €8 Al

OR

the sum of two half-integers Al

is a half-integer RI1

THEN

identity: O is the (additive) identity A1
inverse:

s+ (—s) =0, where

—-seS Al

it is associative (since

ScC8 Al

the group axioms are satisfied AG
@iii) EITHER

the set is not closed under multiplication, A1

for example,

% X % = i, but

1£S RI

OR

not every element has an inverse, Al

for example, 3 does not have an inverse ~ R1

[9 marks]

Examiners report
[N/A]

[9 marks]



16b. [10 marks]
Markscheme

(i) reflexive: consider

3s+5bs Ml

=8s € ¢ = reflexive Al

symmetric: if

s1 Rs,, consider

3sy +5s1 Ml

for example,

=381 + 58y + (281 — 289) € ¢ =symmetric Al
transitive: if

s1 Rsy and

$9 Rss, consider (M1)

3s; +5s3 = (3s; +58y) + (355 +5s3) —8sy M1
€ ¢ =transitive Al

so R is an equivalence relation AG

(ii)

Ci=¢ Al

Cy={+£1, £3, +£3, ...} Al1Al

Note: A1 for half odd integers and A1 for =+.

[10 marks]

Examiners report
[N/A]



[5 marks]

17a.

Markscheme
5 )
4
3 ¢ o

® 2 =
l =y

[

0 1

correct horizontal lines Al
correctly labelled axes Al

clear indication that the endpoints are not included A1
1 ¢ P D @ {

(ii)

(ﬁ' i ot
0 1 2 3 4 5
fully correct diagram Al

Note: Do not penalize the inclusion of endpoints twice.

(iii)  the intersection is empty Al
[5 marks]

Examiners report
[N/A]



17b.

18a.

Markscheme

(i) range
() =10, 1[U]1, 2[ULU]J5, 6] AIAI

Note: A1 for six intervals and A1 for fully correct notation.

Accept
0<z<6,z#0,1,2,3,4,5,6

(i) range

(9) =0, 5] Al

(i)  Attempt at solving

f(@1, n) = flzz, ) Ml
f@,y) €y, y+1l[=mn =1 Ml
and then

T =z, Al

o)

fisinjective AG

@iv)

fim)=(r-3,3) AIAI

(v) solutions: (0.5, 1), (0.25, 2),
(3, 3),(0.125,4),(0.1,5) A2

Note: A2 for all correct, A1 for 2 correct.

[10 marks]

Examiners report
[N/A]

Markscheme
f(g) = flecg) = f(ec)f(g) for
geG MIAI

= f(eG) =eygy AG

[2 marks]

Examiners report
[N/A]

[10 marks]

[2 marks]



18b. [6 marks]

Markscheme

(1) closure: let
kl and
ky € K, then

f(kiky) = f(ky) f(ky) MIAI

=eyeg =ey Al
hence
kiky € K RI
(i) K is non-empty because
eg belongsto K R1
a closed non-empty subset of a finite group is a subgroup RIAG
[6 marks]

Examiners report
[N/A]

18c. [6 marks]

Markscheme

®

fgkg™) = f(9)f(k)f(g~') MI
=f(9)enflg™") = flgg™") Al
= fleg) =en Al

=gkgle K AG

(ii)  clear definition of both left and right cosets, seen somewhere. Al
use of part (i) to show

gK CKg MI

similarly

KgCgK Al

hence

gK=Kg AG

[6 marks]

Examiners report
[N/A]



[14 marks]
Markscheme

(@) Method 1
sketch of the graph of
V()

range of

f =co-domain, therefore

fissurjective  RI1

graph of

f passes the horizontal line test, therefore
fisinjective RI

therefore

fis bijective AG

Note: Other explanations may be given (eg use of derivative or description of parabola).

Method 2

Injective:

fla)=fb) =a=b MI
(a—1)(a+2)=(b—-1)(b+2)
a?+a=b+b

solving for

a by completing the square, or the quadratic formula, A7
a=5b

surjective: for all

y € R there exists

z € |1, oo[ such that

flz)=y

solving

y=x%+x—2forx,
o1

. For all positive real
vy, the minimum value for
VAT is

3. Hence,

z>1 RI

since

£ is both injective and surjective,
fis bijective. AG

Method 3

fis bijective if and only if

fhas an inverse  (M1)

solving

y=a?+z—2 for
V91
2

B, B = . For all positive real



y, the minimum value for
VAy+9is

3. Hence,

z>1 RI

@)=L R

fhas an inverse, hence
fis bijective AG

[3 marks]
(b) (1) attempt to find counterexample (M1)
eg

9(z, y)=9(y, 2), z #y Al
g is not injective  RI

(i)

—1<sin(z+y) <1 (MI)
range of

gis

[-1,1]xR#R xR Al
gis not surjective  RI

[6 marks]

(c) let

Mz, y) = (u, v)

then

u=a+ 3y

v=2zx+y (MI)

solving simultaneous equations  (M1)

=24

(-G ()-0)-
Y 2 1 v y g
7u+3vy:2u_fv Al

5 5
hence

hfl(w, y) _ <7zs+3y’ 21};1/) Al

(5 )0

xr=

as this expression is defined for any values of
(z,y) eRxR RI

the inverse of

hexists AG

[5 marks]

Examiners report

For part (a), given the command term ‘show that” and the number of marks for this part, the best approach is a graphical one, i.e., an
informal approach. Many candidates chose an algebraic approach and generally made correct statements for injective and surjective.
However, they often did not follow through with the necessary algebraic manipulation to make a valid conclusion. In part (b), many
candidates were not able to provide valid counter-examples. In part (c) It was obvious that quite a few candidates had not seen this
type of function before. Those that were able to find the inverse generally did not justify their result, and hence could not earn the
final R mark.



20a.

20b.

Markscheme

(1) the order of

ais a divisor of the order of

G (M)

since the order of

G is 12, the order of

amustbe 1,2,3,4,60r12 Al

the order cannot be 1, 2, 3 or 6, since

ab#e RI

the order cannot be 4, since
a*#e RI

so the order of

amust be 12

therefore,

ais a generator of

G, which must therefore be cyclic
another generator is eg
al,a®, ... Al

[6 marks]

(i)
H={e, a*, a®} (AD)

e a4 as
e e a4 HB
MIAI
0'4 H" as e
as Hs e a“
[3 marks]

Examiners report

In part (a), many candidates could not provide a logical sequence of steps to show that

R1

[9 marks]

G is cyclic. In particular, although they correctly quoted Lagrange’s theorem, they did not always consider all the orders of a, i.e., all

the factors of 12, omitting in particular 1 as a factor. Some candidates did not state the second generator, in particular

a~!. Very few candidates were successful in finding the required subgroup, although they were obviously familiar with setting up a

Cayley table.

Markscheme
no Al

eg the group of symmetries of a triangle

S3 is not cyclic but all its (proper) subgroups are cyclic

eg the Klein four-group is not cyclic but all its (proper) subgroups are cyclic

[2 marks]

[2 marks]



21.

Examiners report

[9 marks]
Markscheme
(@)
R is reflexive as

z ! xx =e € H= zRx for any

zeG Al

if

=Ry then
ylxz=heH
but

he H= h1 e H,ie,
(ylxz) 'eH MI
W

therefore

yRx

Ris symmetric Al
if

=Ry then
ylxxz=he Hand if
yRz then
zlxy=ke H Ml
kxh e H, ie,
(zl*xy)x(yt*xx) € H Al

2z s
therefore
zRz
Ris transitive Al
SO
R is an equivalence relation on
G AG
[6 marks]
(b)
TRes e lxzec H MI
re H Al
[el=H Al NO
[3 marks]

Examiners report

Part (a) was fairly well answered by many candidates. They knew how to apply the equivalence relations axioms in this particular

example. Part (b) however proved to be very challenging and hardly any correct answers were seen.



22.

23a.

[11 marks]
Markscheme

(a)
(A\B)U(B\A) =(ANnB)U(BNA4") (Ml
=((ANnB)UB)N((ANB)YUA) Ml

=|(AuB)N(BUB) |Nn|(AUA)Nn(BUA) Al
U U

=(AUB)N(BUA)=(AUuB)Nn(ANnB) Al
=(AUB)\(ANnB) AG

[4 marks]

(b) () false Al
counterexample

eg

D\C={2}¢S RI
(i) true Al

as

AND=A, BND=B,CND=Cand
DND=D,

Dis the identity RI1
A (or

Bor

C) has no inverse as

AN X = Disimpossible RI

(iii) false Al

when

Y = D the equation has more than one solution (four solutions) R1
[7 marks]

Examiners report

For part (a), candidates who chose to prove the given statement using the properties of Sets were often successful with the proof.
Some candidates chose to use the definition of equality of sets, but made little to no progress. In a few cases candidates attempted to

use Venn diagrams as a proof. Part (b) was challenging for most candidates, and few correct answers were seen.

[2 marks]
Markscheme

closure, identity, inverse =~ A2
Note: Award A1 for two correct properties, A0 otherwise.

[2 marks]

Examiners report

This was on the whole a well answered question and it was rare for a candidate not to obtain full marks on part (a). In part (b) the vast
majority of candidates were able to show that the set satisfied the properties of a group apart from associativity which they were also
familiar with. Virtually all candidates knew the difference between commutativity and associativity and were able to distinguish
between the two. Candidates were familiar with Lagrange’s Theorem and many were able to see how it did not apply in the case of
this problem. Many candidates found a solution method to part (iii) of the problem and obtained full marks.



23b

24a.

24b.

| [15 marks]
Markscheme

(i) closure: there are no extra elements in the table RI

identity: s is a (left and right) identity =~ RI

inverses: all elements are self-inverse ~ R1

commutative: no, because the table is not symmetrical about the leading diagonal, or by counterexample RI1
associativity: for example,

(pg)t =rt=p MIAI

not associative because

p(gt) =pr=t#p RI

Note: Award M1A1 for 1 complete example whether or not it shows non-associativity.

(i)
{s,p}, {5, 4}, {5, 7}, {s,t} A2

Note: Award A1 for 2 or 3 correct sets.

as 2 does not divide 5, Lagrange’s theorem would have been contradicted if 7"had been a group  R1

(i)  any attempt at trying values  (M1)
the solutions are ¢, r, sand t AIAIAIAIL
Note: Deduct A1 if p is included.

[15 marks]

Examiners report

This was on the whole a well answered question and it was rare for a candidate not to obtain full marks on part (a). In part (b) the vast
majority of candidates were able to show that the set satisfied the properties of a group apart from associativity which they were also
familiar with. Virtually all candidates knew the difference between commutativity and associativity and were able to distinguish
between the two. Candidates were familiar with Lagrange’s Theorem and many were able to see how it did not apply in the case of
this problem. Many candidates found a solution method to part (iii) of the problem and obtained full marks.

[3 marks]
Markscheme
pP={1,2,3}
Q@ ={1,3,5719}
SO
PNQ@ ={1,3} MI)AI)
SO
(PNQR) =1{2,4,5,6,7,8,9,10} Al
[3 marks]

Examiners report

This was also a well answered question with many candidates obtaining full marks on both parts of the problem. Some candidates
attempted to use a factorial rather than a sum of combinations to solve part (b) (ii) and this led to incorrect answers.

[5 marks]
Markscheme
)
Pr={{1}, {2}, {3}, {1, 2}, {2, 3}, {3, 1}, {1, 2, 3), 0} A2
Note: Award A1 if one error, A0 for two or more.
(i)
R* contains: the empty set (1 element); sets containing one element (8 elements); sets containing two elements  (M1)
8 8 8 8
o A e R
0 1 2 8
=28 (=256) Al
Note: FT in (ii) applies if no empty set included in (i) and (ii).

[5 marks]



25a.

25b.

25c.

Examiners report

This was also a well answered question with many candidates obtaining full marks on both parts of the problem. Some candidates
attempted to use a factorial rather than a sum of combinations to solve part (b) (ii) and this led to incorrect answers.

[6 marks]
Markscheme

reflexive:

a® —a®* =0, = Risreflexive RI
symmetric: if

a® = (mod 7), then

B =ad*(mod7) MI

= Ris symmetric RI

transitive:

a® =b +7n and

B=c+™m MI

then

a®=c+7(n+m)
=a*=c*(mod7) RI

= Ris transitive Al

and is an equivalence relation AG
Note: Allow arguments that use

a® — b =0(mod 7) efc.

[6 marks]

Examiners report

Candidates were mostly aware of the conditions required to show an equivalence relation although many seemed unsure as to the
degree of detail required to show that the different conditions are met for the example in this question. In part (b) many candidates
found the correct set although a number were unable to write down the set correctly, including or excluding elements that were not
part of the equivalence class. Part (c) saw candidate being less successful than (b) and relatively few candidates were able to prove the
equivalence class in part (d) although there were a number of very good solutions.

[2 marks]
Markscheme
{0,7,14,21,...} A2
[2 marks]

Examiners report

Candidates were mostly aware of the conditions required to show an equivalence relation although many seemed unsure as to the
degree of detail required to show that the different conditions are met for the example in this question. In part (b) many candidates
found the correct set although a number were unable to write down the set correctly, including or excluding elements that were not
part of the equivalence class. Part (c) saw candidate being less successful than (b) and relatively few candidates were able to prove the
equivalence class in part (d) although there were a number of very good solutions.

[3 marks]
Markscheme

{1,2,4,8,9, 11} A3
Note: Deduct 1 mark for each error or omission.

[3 marks]



25d.

26a.

Examiners report

Candidates were mostly aware of the conditions required to show an equivalence relation although many seemed unsure as to the
degree of detail required to show that the different conditions are met for the example in this question. In part (b) many candidates
found the correct set although a number were unable to write down the set correctly, including or excluding elements that were not
part of the equivalence class. Part (c) saw candidate being less successful than (b) and relatively few candidates were able to prove the
equivalence class in part (d) although there were a number of very good solutions.

[3 marks]
Markscheme

consider

(n+7)3 =n%+21n? +14Tn + 343 =n® + 7N MIAI
=n?=(n+7)3*(mod7) = nand

n + 7 are in the same equivalence class RI

[3 marks]

Examiners report

Candidates were mostly aware of the conditions required to show an equivalence relation although many seemed unsure as to the
degree of detail required to show that the different conditions are met for the example in this question. In part (b) many candidates
found the correct set although a number were unable to write down the set correctly, including or excluding elements that were not
part of the equivalence class. Part (c) saw candidate being less successful than (b) and relatively few candidates were able to prove the
equivalence class in part (d) although there were a number of very good solutions.

[2 marks]
Markscheme

non-S: for example —2 does not belong to the range of g R1

non-I: for example

9(1) =g(-1)=0 RI

Note: Graphical arguments have to recognize that we are dealing with sets of integers and not all real numbers

[2 marks]

Examiners report

Nearly all candidates were aware of the conditions for an injection and a surjection in part (a). However, many missed the fact that the
function in question was mapping from the set of integers to the set of integers. This led some to lose marks by applying graphical
tests that were relevant for functions on the real numbers but not appropriate in this case. However, many candidates were able to
give two integer counter examples to prove that the function was neither injective or surjective. In part (b) candidates seemed to lack
the communication skills to adequately demonstrate what they intuitively understood to be true. It was usually not stated that the
number of elements in the sets of the image and pre — image was equal. Part (c) was well done by many candidates although a
significant minority used functions that mapped the positive integers to non — integer values and thus not appropriate for the
conditions required of the function.



[2 marks]

26b.
Markscheme
as f'is injective
n(f(S)) =n(S) Al
R1
-S-'* ]
<<
Note: Accept alternative explanations.
fis surjective  AG
[2 marks]
Examiners report
Nearly all candidates were aware of the conditions for an injection and a surjection in part (a). However, many missed the fact that the
function in question was mapping from the set of integers to the set of integers. This led some to lose marks by applying graphical
tests that were relevant for functions on the real numbers but not appropriate in this case. However, many candidates were able to
give two integer counter examples to prove that the function was neither injective or surjective. In part (b) candidates seemed to lack
the communication skills to adequately demonstrate what they intuitively understood to be true. It was usually not stated that the
number of elements in the sets of the image and pre — image was equal. Part (c) was well done by many candidates although a
significant minority used functions that mapped the positive integers to non — integer values and thus not appropriate for the
conditions required of the function.
26¢ [3 marks]
Markscheme
for example,

h(n)=n+1 Al
Note: Only award the A1 if the function works.

I:

n+l=m+1l=n=m RI
non-S: 1 has no pre-image as
0¢7Z" RI

[3 marks]

Examiners report

Nearly all candidates were aware of the conditions for an injection and a surjection in part (a). However, many missed the fact that the
function in question was mapping from the set of integers to the set of integers. This led some to lose marks by applying graphical
tests that were relevant for functions on the real numbers but not appropriate in this case. However, many candidates were able to
give two integer counter examples to prove that the function was neither injective or surjective. In part (b) candidates seemed to lack
the communication skills to adequately demonstrate what they intuitively understood to be true. It was usually not stated that the
number of elements in the sets of the image and pre — image was equal. Part (c) was well done by many candidates although a
significant minority used functions that mapped the positive integers to non — integer values and thus not appropriate for the
conditions required of the function.



27a.

27b.

[4 marks]
Markscheme

(i) notreflexivee.g. 1 +1=2 RI
(i) symmetric sincex+y=y+x RI
(i) eg 1+11>7,11+2>7butl+2=3,s0not transitive MIAI

Note: For each R1 mark the correct decision and a valid reason must be given.

[4 marks]

Examiners report

Generally this question was well answered, with students showing a sound knowledge of relations. There were a few candidates who
mixed reflexive and symmetric qualities and marks were also lost because reasoning was either unclear or absent. Most students were
able to offer counterexamples for transitivity in parts (a) and (b) but a number lost marks in failing to give adequate working to show

transitivity in parts (c) and (d). That said, there were a pleasing number of good solutions here showing all the required rigour. Whilst

most students were able to identify part (c) as an equivalence relation, surprisingly few gave the correct equivalence classes.

[4 marks]
Markscheme

(1) reflexive since

r—x=0 RI

(i)  symmetric since

lz—yl=ly—=z| RI

(iii) e.g. IR2,2R3 but 1 —3 =-2, so not transitive ~MIA1

Note: For each R1 mark the correct decision and a valid reason must be given.

[4 marks]

Examiners report

Generally this question was well answered, with students showing a sound knowledge of relations. There were a few candidates who
mixed reflexive and symmetric qualities and marks were also lost because reasoning was either unclear or absent. Most students were
able to offer counterexamples for transitivity in parts (a) and (b) but a number lost marks in failing to give adequate working to show

transitivity in parts (c) and (d). That said, there were a pleasing number of good solutions here showing all the required rigour. Whilst

most students were able to identify part (c) as an equivalence relation, surprisingly few gave the correct equivalence classes.



[4 marks]

27c.
Markscheme
(1) reflexive since
z2>0 RI
(i) symmetric since
zy=yxr RI
(iii)
zy > 0and yz > 0 = zy?z > 0 = zz > 0 since y* > 0, so transitive MIAI
Note: For each R1 mark the correct decision and a valid reason must be given.
[4 marks]
Examiners report
Generally this question was well answered, with students showing a sound knowledge of relations. There were a few candidates who
mixed reflexive and symmetric qualities and marks were also lost because reasoning was either unclear or absent. Most students were
able to offer counterexamples for transitivity in parts (a) and (b) but a number lost marks in failing to give adequate working to show
transitivity in parts (c) and (d). That said, there were a pleasing number of good solutions here showing all the required rigour. Whilst
most students were able to identify part (c) as an equivalence relation, surprisingly few gave the correct equivalence classes.
27d. [4 marks]

Markscheme

(i) reflexive since

=1 RI
T

(i) not symmetric e.g.

2 __ 1 _

(iii)

% € Z and % €z = :—Z = Z € Z, so transitive  MI1AI
Note: For each RI mark the correct decision and a valid reason must be given.

[4 marks]



Examiners report

Generally this question was well answered, with students showing a sound knowledge of relations. There were a few candidates who
mixed reflexive and symmetric qualities and marks were also lost because reasoning was either unclear or absent. Most students were
able to offer counterexamples for transitivity in parts (a) and (b) but a number lost marks in failing to give adequate working to show

transitivity in parts (c) and (d). That said, there were a pleasing number of good solutions here showing all the required rigour. Whilst

most students were able to identify part (c) as an equivalence relation, surprisingly few gave the correct equivalence classes.

27e. [3 marks]

Markscheme
only (c) is an equivalence relation (A1)
the equivalence classes are
{1,2,3,...} and {-1,-2,-3,...} AIAI

[3 marks]

Examiners report

Generally this question was well answered, with students showing a sound knowledge of relations. There were a few candidates who
mixed reflexive and symmetric qualities and marks were also lost because reasoning was either unclear or absent. Most students were
able to offer counterexamples for transitivity in parts (a) and (b) but a number lost marks in failing to give adequate working to show

transitivity in parts (c) and (d). That said, there were a pleasing number of good solutions here showing all the required rigour. Whilst

most students were able to identify part (c) as an equivalence relation, surprisingly few gave the correct equivalence classes.

28a. [1 mark]
Markscheme
0,{a},{b},{ab} AI
[1 mark]

Examiners report

A surprising number of candidates were unable to answer part (a) and consequently were unable to access much of the rest of the question. Most candidates
however, were successful in parts (a), (b) and (c), and it was pleasing to see the preparedness of candidates in these parts. There were also many good answers
for parts (d) and (e) although the third part of (e) caused the most problems with candidates failing to provide sufficient reasoning. Few candidates managed

good responses to parts (f) and (g).



28b.

28c.

28d.

[3 marks]

Markscheme
A 7] {a} i {a. b}
7% ] fa) b} (a, b}
{a} {a} @ {a. b} {b}
{b} {b} {a. b} @ {a}
{a,b) {a. b} B fay %

A3

Note: Award A2 for one error, Al for two errors, A0 for more than two errors.

[3 marks]

Examiners report

A surprising number of candidates were unable to answer part (a) and consequently were unable to access much of the rest of the
question. Most candidates however, were successful in parts (a), (b) and (c), and it was pleasing to see the preparedness of candidates
in these parts. There were also many good answers for parts (d) and (e) although the third part of (e) caused the most problems with

candidates failing to provide sufficient reasoning. Few candidates managed good responses to parts (f) and (g).

[3 marks]
Markscheme
closure is seen from the table above Al
(0 is the identity A1
each element is self-inverse A1

Note: Showing each element has an inverse is sufficient.

associativity is assumed so we have a group AG

[3 marks]

Examiners report

A surprising number of candidates were unable to answer part (a) and consequently were unable to access much of the rest of the
question. Most candidates however, were successful in parts (a), (b) and (c), and it was pleasing to see the preparedness of candidates
in these parts. There were also many good answers for parts (d) and (e) although the third part of (e) caused the most problems with

candidates failing to provide sufficient reasoning. Few candidates managed good responses to parts (f) and (g).

[2 marks]
Markscheme
not isomorphic as in the above group all elements are self-inverse whereas in
(Z4, +4) there is an element of order 4 (e.g. 1) R2

[2 marks]



28e.

28f.

Examiners report

A surprising number of candidates were unable to answer part (a) and consequently were unable to access much of the rest of the
question. Most candidates however, were successful in parts (a), (b) and (c), and it was pleasing to see the preparedness of candidates
in these parts. There were also many good answers for parts (d) and (e) although the third part of (e) caused the most problems with

candidates failing to provide sufficient reasoning. Few candidates managed good responses to parts (f) and (g).

[4 marks]
Markscheme

®
() is the identity A1

(i)
X1=X Al

(iii)  if X and Y are subsets of S then

XAY (the set of elements that belong to X or Y but not both) is also a subset of S, hence closure is proved R1
{P(S), A} is a group because it is closed, has an identity, all elements have inverses (and

A'is associative) RIAG

[4 marks]

Examiners report

A surprising number of candidates were unable to answer part (a) and consequently were unable to access much of the rest of the
question. Most candidates however, were successful in parts (a), (b) and (c), and it was pleasing to see the preparedness of candidates
in these parts. There were also many good answers for parts (d) and (e) although the third part of (e) caused the most problems with

candidates failing to provide sufficient reasoning. Few candidates managed good responses to parts (f) and (g).

[1 mark]
Markscheme

not a group because although the identity is
0, if X # 0 it is impossible to find a set Y such that
X UY =0, so there are elements without an inverse RIAG

[1 mark]

Examiners report

A surprising number of candidates were unable to answer part (a) and consequently were unable to access much of the rest of the
question. Most candidates however, were successful in parts (a), (b) and (c), and it was pleasing to see the preparedness of candidates
in these parts. There were also many good answers for parts (d) and (e) although the third part of (e) caused the most problems with

candidates failing to provide sufficient reasoning. Few candidates managed good responses to parts (f) and (g).



289.

29a.

29b.

[1 mark]
Markscheme

not a group because although the identity is S, if
X # S is impossible to find a set Y such that
XNY =S, so there are elements without an inverse RIAG

[1 mark]

Examiners report

A surprising number of candidates were unable to answer part (a) and consequently were unable to access much of the rest of the
question. Most candidates however, were successful in parts (a), (b) and (c), and it was pleasing to see the preparedness of candidates
in these parts. There were also many good answers for parts (d) and (e) although the third part of (e) caused the most problems with

candidates failing to provide sufficient reasoning. Few candidates managed good responses to parts (f) and (g).

[2 marks]
Markscheme

-4 =
xd—21 M

Examiners report

Most candidates were able to answer part (a) indicating preparation in such questions. Many students failed to identify the command
term “state” in parts (b) and (c) and spent a lot of time — usually unsuccessfully - with algebraic methods. Most students were able to
offer satisfactory solutions to part (d) and although most showed that they knew what to do in part (e), few were able to complete the
proof of associativity. Surprisingly few managed to answer parts (f) and (g) although many who continued to this stage, were able to
pick up at least one of the marks for part (h), regardless of what they had done before. Many candidates interpreted the question as
asking to prove that the group was Abelian, rather than proving that it was an Abelian group. Few were able to fully appreciate the

significance in part (i) although there were a number of reasonable solutions.

[1 mark]
Markscheme
identity is0 Al
[1 mark]



Examiners report

Most candidates were able to answer part (a) indicating preparation in such questions. Many students failed to identify the command
term “state” in parts (b) and (c) and spent a lot of time — usually unsuccessfully - with algebraic methods. Most students were able to
offer satisfactory solutions to part (d) and although most showed that they knew what to do in part (e), few were able to complete the
proof of associativity. Surprisingly few managed to answer parts (f) and (g) although many who continued to this stage, were able to
pick up at least one of the marks for part (h), regardless of what they had done before. Many candidates interpreted the question as
asking to prove that the group was Abelian, rather than proving that it was an Abelian group. Few were able to fully appreciate the

significance in part (i) although there were a number of reasonable solutions.

29c. [1 mark]

Markscheme

inverse is —x Al

[1 mark]

Examiners report

Most candidates were able to answer part (a) indicating preparation in such questions. Many students failed to identify the command
term “‘state” in parts (b) and (c) and spent a lot of time — usually unsuccessfully - with algebraic methods. Most students were able to
offer satisfactory solutions to part (d) and although most showed that they knew what to do in part (e), few were able to complete the
proof of associativity. Surprisingly few managed to answer parts (f) and (g) although many who continued to this stage, were able to
pick up at least one of the marks for part (h), regardless of what they had done before. Many candidates interpreted the question as
asking to prove that the group was Abelian, rather than proving that it was an Abelian group. Few were able to fully appreciate the

significance in part (i) although there were a number of reasonable solutions.

29d. [2 marks]
Markscheme

B = oty YxT = i Ml
1+ 1+
(since ordinary addition and multiplication are commutative)

T %y = y* X SO * is commutative  RI

Note: Accept arguments using symmetry.

[2 marks]



Examiners report

Most candidates were able to answer part (a) indicating preparation in such questions. Many students failed to identify the command
term “state” in parts (b) and (c) and spent a lot of time — usually unsuccessfully - with algebraic methods. Most students were able to
offer satisfactory solutions to part (d) and although most showed that they knew what to do in part (e), few were able to complete the
proof of associativity. Surprisingly few managed to answer parts (f) and (g) although many who continued to this stage, were able to
pick up at least one of the marks for part (h), regardless of what they had done before. Many candidates interpreted the question as
asking to prove that the group was Abelian, rather than proving that it was an Abelian group. Few were able to fully appreciate the

significance in part (i) although there were a number of reasonable solutions.

29e. [4 marks]
Markscheme

(I+y)+z
12
(ry)xz="Lswz=— 2/ M

1+% 1+ (%)Ez
I+—
I I L 5 IP
(355 (=)

+Z - N
¢ L ( ::/2; )
(I+%+y+z) c
(%) (a:+y+z+ﬂ)
- . = 2 Al
(555 ()

v
(+3)
since both expressions are the same

x1s associative R1

Note: After the initial M1A 1, correct arguments using symmetry also gain full marks.
[4 marks]

Examiners report

Most candidates were able to answer part (a) indicating preparation in such questions. Many students failed to identify the command
term “state” in parts (b) and (c) and spent a lot of time — usually unsuccessfully - with algebraic methods. Most students were able to
offer satisfactory solutions to part (d) and although most showed that they knew what to do in part (e), few were able to complete the
proof of associativity. Surprisingly few managed to answer parts (f) and (g) although many who continued to this stage, were able to
pick up at least one of the marks for part (h), regardless of what they had done before. Many candidates interpreted the question as
asking to prove that the group was Abelian, rather than proving that it was an Abelian group. Few were able to fully appreciate the

significance in part (i) although there were a number of reasonable solutions.



29f.

29g.

[2 marks]
Markscheme
®
c>zande>y=>c—z>0andc—y>0=(c—z)(c—y)>0 RIAG

(i)
c2fc937cy+93y>0:>c2+my>ca:+cy:>c+%>m+y(asc>0)
S0

T+y<c+= MIAG

[2 marks]

Examiners report

Most candidates were able to answer part (a) indicating preparation in such questions. Many students failed to identify the command
term “‘state” in parts (b) and (c) and spent a lot of time — usually unsuccessfully - with algebraic methods. Most students were able to
offer satisfactory solutions to part (d) and although most showed that they knew what to do in part (e), few were able to complete the
proof of associativity. Surprisingly few managed to answer parts (f) and (g) although many who continued to this stage, were able to
pick up at least one of the marks for part (h), regardless of what they had done before. Many candidates interpreted the question as
asking to prove that the group was Abelian, rather than proving that it was an Abelian group. Few were able to fully appreciate the

significance in part (i) although there were a number of reasonable solutions.

[2 marks]
Markscheme

if
z,y€Gthen —c—Z <z+y<c+Z

thus

fc(1+ﬂ> <m+y<c(1+ﬁ> and —c< 2L <c MI
e ¢ =

(asl+%>0)so —c<zxy<c Al
proving that G is closed under
x AG

[2 marks]

Examiners report

Most candidates were able to answer part (a) indicating preparation in such questions. Many students failed to identify the command
term “state” in parts (b) and (c) and spent a lot of time — usually unsuccessfully - with algebraic methods. Most students were able to
offer satisfactory solutions to part (d) and although most showed that they knew what to do in part (e), few were able to complete the
proof of associativity. Surprisingly few managed to answer parts (f) and (g) although many who continued to this stage, were able to
pick up at least one of the marks for part (h), regardless of what they had done before. Many candidates interpreted the question as
asking to prove that the group was Abelian, rather than proving that it was an Abelian group. Few were able to fully appreciate the

significance in part (i) although there were a number of reasonable solutions.



29h. [2 marks]

Markscheme

as
{G,*} is closed, is associative, has an identity and all elements have an inverse ~ RI
itisa group AG

as

*is commutative  R1

itis an Abelian group AG

[2 marks]

Examiners report

Most candidates were able to answer part (a) indicating preparation in such questions. Many students failed to identify the command
term “state” in parts (b) and (c) and spent a lot of time — usually unsuccessfully - with algebraic methods. Most students were able to
offer satisfactory solutions to part (d) and although most showed that they knew what to do in part (e), few were able to complete the
proof of associativity. Surprisingly few managed to answer parts (f) and (g) although many who continued to this stage, were able to
pick up at least one of the marks for part (h), regardless of what they had done before. Many candidates interpreted the question as
asking to prove that the group was Abelian, rather than proving that it was an Abelian group. Few were able to fully appreciate the

significance in part (i) although there were a number of reasonable solutions.



30. [8 marks]
Markscheme

closure: let

a, b€ HN K, so that
a, be Hand

a,be K Ml
therefore

ab € H and

ab € K so that

abe HhK Al
associativity: this carries over from G~ RI
identity: the identity
e€ Hand

ec K Ml
therefore

ec HNK Al
inverse:

a € HN K implies

a € Hand

ac K Ml

it follows that

a~! € Hand

ale K Al

and therefore that
ale HhK Al
the four group axioms are therefore satisfied AG

[8 marks]

Examiners report

This question presented the most difficulty for students. Overall the candidates showed a lack of ability to present a formal proof.
Some gained points for the proof of the identity element in the intersection and the statement that the associative property carries over

from the group. However, the vast majority gained no points for the proof of closure or the inverse axioms.
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