HL Paper 1

a. Find the sum of the infinite geometric sequence 27, -9, 3, —1, ....

b. Use mathematical induction to prove that forn € Z™ ,

a+ar+ar’ ... far" Tt =
1—7r

Markscheme

ar=-3 (4l

27
1
143

Soo = Ml

Sew =S (=20.25) Al NI

[3 marks]

b. Attempting to show that the result is true forn =1 M1

a(l-r)

T —a Al

LHS =a and RHS =

Hence the result is true for n =1
Assume it is true for n =k

a+ar+ar’+. .. +ark 1l = all=rk)

1-r

M1

Considern =k + 1:
a(lfrk)

a+ar+ar’+... farf ! 4 ark = = T art M1
B a(l—rk)+ark(1-r)

1-r
_ a—arf+ark—arktl Al

1-r

Note: Award A1 for an equivalent correct intermediate step.

1-r
a(l—rkﬂ)

= Al

1-r

Note: Illogical attempted proofs that use the result to be proved would gain M140A0 for the last three above marks.

The result is true for n = k = it is true for n = k£ + 1 and as it is true for n = 1, the result is proved by mathematical induction.

Note: To obtain the final R1 mark a reasonable attempt must have been made to prove the k + 1 step.

[7 marks]

Examiners report

a. Part (a) was correctly answered by the majority of candidates, although a few found » =-3.

a(l—r") '

(3]

[7]

b. Part (b) was often started off well, but a number of candidates failed to initiate the n = k£ + 1 step in a satisfactory way. A number of candidates

omitted the ‘P(1) is true’ part of the concluding statement.


Dorothy Fu


Find integer values of m and n for which

m — nlogz2 = 10log,6

Markscheme

METHOD 1

m — nlogz2 = 10log,y6

m — nlogz2 = blogs6 M1
m = log, (652") (M1)
3m27" =6"=3"x2" (M1)

m=>5,n=-5 Al
Note: First M1 is for any correct change of base, second M1 for writing as a single logarithm, third M1 is for writing 6 as 2 x 3.

METHOD 2

m — nlog;2 = 10log,6

m — nlog,2 = blog,6 M1

m — nlogz2 = 5logs3 + blogs2  (M1)
m — nlogg2 = 5 + blog,2  (M1)

m=25,n=-5 Al
Note:  First M1 is for any correct change of base, second M1 for writing 6 as 2 x 3 and third M1 is for forming an expression without log; 3.

[4 marks]

Examiners report

The first stage on this question was to change base, so each logarithm was written in the same base. Some candidates chose to move to base 10 or
base e, rather than the more obvious base 3, but a few still successfully reached the correct answer having done this. A large majority though did not

seem to know how to change the base of a logarithm.

Simplifying the expression further was a struggle for many candidates.

a. Expand (z + h)3. 2]

b. Hence find the derivative of f(z) = x> from first principles. [3]



Markscheme

a. (z+h)®=2®+ 322h + 3zh® + A (M1)A1

[2 marks]
z+h)—23
b. /() = lim EW T )
— lim 234-322h+3xh?4+h3—23
h—+0 h
= ]1111%(3332 +3zh + h?) A1
—
=322 A1

Note: Do not award final A1 on FT if = 32 is not obtained

Note: Final A1 can only be obtained if previous A1 is given
[3 marks]

Total [5 marks]

Examiners report

a. Well done although some did not use the binomial expansion.

b. Fine by those who knew what first principles meant, not by the others.

The fifth term of an arithmetic sequence is equal to 6 and the sum of the first 12 terms is 45.

Find the first term and the common difference.

Markscheme

use of either u, = uy + (n — 1)d or S, = 3 (2u1 + (n — 1)d) M1
u1 +4d =6 (A1)

2 (2u; +11d) = 45 (A1)

= 4u; +22d =15

attempt to solve simultaneous equations M1

4(6 — 4d) + 22d = 15

6d=-9=d=-15 At

uy = 12 A1

[6 marks]

Examiners report



Most candidates tackled this question through the use of the standard formula for arithmetic series. Others attempted a variety of trial and

improvement approaches with varying degrees of success.

The complex numbers z; = 2 — 2i and zz = 1 — /31 are represented by the points A and B respectively on an Argand diagram. Given that O is

the origin,

a. Find AB, giving your answer in the form av/b — v/3 , where a , b € Z* .

b. Calculate AOB in terms of 7.

Markscheme

a AB=1/1+(2-+3)" MI
=8—4v3 Al
=2v/2-+3 Al
[3 marks]
b. METHOD 1
argz) = — argz; = —5  AlAl

Note: Allow 7 and 3 .
Note: Allow degrees at this stage.

= &5 (accept — %) Al

Note: Allow FT for final A1.

METHOD 2

attempt to use scalar product or cosine rule

1+3

cos AOB = Al
22

AOB = - Al

[3 marks]

Examiners report

Ml

(3]

(3]



a. It was disappointing to note the lack of diagram in many solutions. Most importantly the lack of understanding of the notation 4B was

apparent. Teachers need to make sure that students are aware of correct notation as given in the outline. A number used the cosine rule but then

confused the required angle or sides.

b. It was disappointing to note the lack of diagram in many solutions. Most importantly the lack of understanding of the notation AB was

apparent. Teachers need to make sure that students are aware of correct notation as given in the outline. A number used the cosine rule but then

confused the required angle or sides.

Letz=1—cos20 —isin20, z€ C, 0 < 0 < .

a. Solve 2sin(z + 60°) = cos(z + 30°), 0° < = < 180°.
b. Show that sin 105° + cos 105° = %

c.i.Find the modulus and argument of z in terms of 6. Express each answer in its simplest form.

c.iiHence find the cube roots of z in modulus-argument form.

Markscheme
a. 2sin(z + 60°) = cos(z + 30°)
2(sin z cos 60° 4 cos  sin 60°) = cos z cos 30° — sinz sin 30°  (M1)(A1)

. 1 3 3 . 1
2sinx X 5+2cos:1:>< g =cosx X \/T —sinz X 5 A1

. 3
= %smac = —gcosm
1
= tanx = —— M1
V3

=z =150° A1

[5 marks]
b. EITHER

choosing two appropriate angles, for example 60° and 45° M1
sin 105° = sin 60° cos 45° + cos 60° sin 45° and
co0s 105° = cos 60° cos 45° — sin 60° sin45° (A1)

. o ° V3 1 1 1 1
sin 105" 4 cos 105 :Txﬁ+7x—2+§x

%

Sl
Sl

AG

Sil=

OR

attempt to square the expression M1

(sin 105° + cos 105°)? = sin?105° + 2sin 105° cos 105° + cos?105°
(sin105° + cos 105°)% = 1 4 sin210° A1

1

(5]

(3]

(9]

(5]



C.

: o o__ 1
sin 105" 4 cos 105° = N AG

[3 marks]

-EITHER

z=(1— cos260) — isin 26

2] = /(1 — c0326)° + (sin20)” M1

2| = v/1 — 2cos26 + cos?20 + sin®20 A1
=+2,/(1 —cos20) A1
= 1/2(2sin’f)

= 2sinf A1

let arg(z) = a

sin 26

1—cos 26 M1

tana = —

_ —2sinfcos (/-\1)

2sin%0

= —cotf A1

arg(z) = a = — arctan (tan(% - 0)) A1

z = (1 — cos26) — isin 260
= 2sin’0 — 2isinfcosf M1A1
= 2sinf(sinf —icosd) (A1)

= —2isinf(cos +isinf) M1A1

= 2sinf (cos(@— %) +isin<0— %)) M1A1
|z2| =2sinf A1
arg(z) =60 — 35 A1

[9 marks]

c.iiattempt to apply De Moivre’s theorem M1

H—2+2 9—>+2
(1 — cos 20 — isin26)7 = 27 (sin )7 [cos( i ”") +isin( chl "’T)} A1A1A1

Note: A7 for modulus, A7 for dividing argument of z by 3 and A1 for 2n.

Hence cube roots are the above expression whenn = —1, 0, 1. Equivalent forms are acceptable.

[5 marks]

Examiners report

o INA

" IN/A]

A1l



b IVA]

ciilVA

Consider the distinct complex numbers z = a + ib, w = ¢+ id, where a, b, ¢, d € R.

Ztw
z—w "

a. Find the real part of

b. Find the value of the real part of i—: when |z| = |w].

Markscheme

(b
= - X —— M1A1

roal part — A (o N
(a—c)"+(b—d) (a—c)"+(b—d)

Note: Award A1 for numerator, A1 for denominator.

[4 marks]
b. 2| = |w| = a*+ b =c*+d*> R1

hencerealpart=0 A1
Note: Do not award ROA1.

[2 marks]

Examiners report

o INA
b, [N/A]

. z+i . .
Consider the complex number w = 5, where z = z + iy andi = v —1.

(a) Ifw =1, determine z in the form z = rcis 6.

(224+2z+y2+y)+i(z+2y+2)
(z+2)2+y2

(b) Prove that w =

(c) Hence show that when Re(w) = 1 the points (z, y) lie on a straight line, l1, and write down its gradient.

(d) Given arg(z) = arg(w) = 7, find |2].

Markscheme

() METHOD 1

z+Hi

z+2

z+i=iz+21i Ml

4]

2]



\/Ecis(f)
z= gcis (%) (or Tcis (%)) AlAl
OR

-1 1, 1.
. ( —5+51) MI
2 3T 1 . 3

z = ——Cis (T) (or %ms (T)) AlAl
[6 marks]
METHOD 2
. zHi(y+l)
1= S M

r+i(y+1)=—y+i(z+2) Al
r=—-y;z+2=y+1 Al

solving, x = —%; y= % Al
z= f% + %i
_ V2 . (3¢ 1 . (3
z = —-cis (T) (or Ec1s (T)) AIAl

Note: Award A1 fort the correct modulus and A1 for the correct argument, but the final answer must be in the form r cis 6. Accept 135° for the

argument.

[6 marks]

z+(y+1)i

(b) substituting z = x + iy to obtain w = IR

(A1)

use of (z + 2) — yi to rationalize the denominator M1
o(2+2)+y(y+1)+i(—zy+(y+1)(z+2)

B (z+2)2+y2 Al
_ (@424 ) Hi(a+2y+2) AG
(z+2)2+y2
[3 marks]
(©) Rew= 212w _ 1 apy
(z+2)"+y2

st +yity=al+dxt+4+y* Al
=sy=2z+4 Al

which has gradientm=2 Al

[4 marks]

(d) EITHER
arg(2) = 7 = z=y(andz, y>0) (41

222432 i(3z+2)
(z+2) 122 (z+2) +a?




ifarg(w) = 0 = tanf = %ﬂ—; (M1)

3z+2

OR

arg(z) = 7 >z =y(andz, y>0) Al

arg(w) = 7 =2 +2x+y’+y=x+2y+2 MI
solve simultaneously M1

2+ 22 + 2%+ = x + 2z + 2 (or equivalent) AT
THEN

=1

z=1(asz>0) Al

Note: Award 40 for x = +1.

|zl =v2 Al

Note: Allow FT from incorrect values of x.

[6 marks]
Total [19 marks]

Examiners report

Many candidates knew what had to be done in (a) but algebraic errors were fairly common. Parts (b) and (c) were well answered in general. Part

(d), however, proved beyond many candidates who had no idea how to convert the given information into mathematical equations.

a. Find three distinct roots of the equation 82° +27 = 0, z € C giving your answers in modulus-argument form. [6]
b. The roots are represented by the vertices of a triangle in an Argand diagram. [3]
273
Show that the area of the triangle is 1—\6/_

Markscheme

a. METHOD 1
23— ,% — 28_7(COS7r+isin7r) M1(A1)
27

= 5 (cos(m + 2nm) +isin(w + 2nm)) (A1)
3 T2nm . . T+2nmw
z:5<cos( = >+151n< 3 )) M1

I . . ™
(cosg + 1sin g)

21 =

| w

29 = %(cos7r+ isinm),



3 5t . . 5
23:§(COS%+ISIH%>. A2

Note: Accept —g as the argument for zs.

Note: Award A1 for 2 correct roots.

Note: Allow solutions expressed in Eulerian (rei?) form.
Note: Allow use of degrees in mod-arg (r-cis) form only.

METHOD 2

82° +27=0

=z= —% so (2z + 3) is a factor

Attempt to use long division or factor theorem: M1
= 823 +27 = (22+3)(42> — 62+ 9)
=422 - 62+9=0 A1

Attempt to solve quadratic: M1

3+3+/3i
Z=—0 A1
_ 3 s P
1= 3 cos§+1sm§ s
3 . .
=5 cos + isinm),

3 5t . . 5
=3 cos%+1sm%). A2

Note: Accept —% as the argument for zs.

Note: Award A1 for 2 correct roots.

Note: Allow solutions expressed in Eulerian (rei?) form.
Note: Allow use of degrees in mod-arg (r-cis) form only.

METHOD 3

82° +27=0

Substitute z = = + iy M1

8(x3 + 3iz?y — 3zy® —iy®) +27=0

= 823 — 24xy® + 27 = 0 and 2422y — 8y> =0 A1
Attempt to solve simultaneously: M1

8y(3z® —y*) =0

y=0, y:w\/g, y:—sc\/§



3 3 3v3
:>($:—E,y:0>,$zz,y::t7 A1l

s o . s
21 = c0s§+1s1n§),

| w

29 = 5 (cosm +isin),

| wo

3 5 . .5
23 = §<cosT7T —|—1s1n%>. A2
Note: Accept —% as the argument for z3.

Note: Award A7 for 2 correct roots.
Note:  Allow solutions expressed in Eulerian (rel’) form.

Note: Allow use of degrees in mod-arg (r-cis) form only.

[6 marks]

b. EITHER

Valid attempt to use area = 3 (%ab sin C’) M1

V3
X5

=3 x A1A1

| w
| w

X X

| =

Note: Award AT for correct sides, A1 for correct sin C.

OR

Valid attempt to use area = %base x height M1

1 3, 3 63
area = 3 X (Z+§) X — A1A1

Note: A7 for correct height, A1 for correct base.

THEN

_ 27V3

=5 AG

[3 marks]

Total [9 marks]

Examiners report

IN/A]
b, [N/A]

Consider the complex numbers z =1+ 2iand w = 2 + ai, wherea € R .



Find a when
(@  |w]=2]z];;

(b) Re(zw) = 2Im(zw) .

Markscheme

(@) |z|=+5and|w| = vV4+a?
|w] = 22|

Vital=2V5

attempt to solve equation M1

Note: Award M0 if modulus is not used.
a==14 AIAl NO

b) z2w=(2-2a)+4+a)i Al
forming equation 2 — 2a = 2(4 +a) MI

3

a=-3 Al NO

[6 marks]

Examiners report

Most candidates made good attempts to answer this question. Weaker candidates did not get full marks due to difficulties recognizing the notation

and working with modulus of a complex number.

In the following Argand diagram the point A represents the complex number —1 + 4i and the point B represents the complex number —3 + 0i. The

shape of ABCD is a square. Determine the complex numbers represented by the points C and D.

ry

B\\/

Markscheme

C represents the complex number 1 — 2i A2



D represents the complex number 3 + 2i A2

[4 marks]

Examiners report

[N/A]

Use mathematical induction to prove that n(n?* + 5) is divisible by 6 for n € AR

Markscheme

let P(n) be the proposition that n(n? + 5) is divisible by 6 for n € Z*

consider P(1):

whenn =1, n(n? 4+ 5) =1 x (1 4 5) = 6 and so P(1) istrue  R1

assume P (k) is true ie, k(k? +5) = 6m where k, m € Z* M1

Note: Do not award M1 for statements such as “let n = k”.

consider P(k + 1):

(k+1) ((k+ 1)° + 5) M1

= (k+ 1)(K* + 2k + 6)

=k + 3K + 8k +6 (A1)

= (k* + 5k) + (3k*> + 3k +6) A1

=k(k?+5)+3k(k+1)+6 A1

k(k + 1) is even hence all three terms are divisible by 6  R1

P(k + 1) is true whenever P(k) is true and P(1) is true, so P(n) is true forn € Z* R1
Note: To obtain the final R1, four of the previous marks must have been awarded.

[8 marks]

Examiners report

This proved to be a good discriminator. The average candidate seemed able to work towards P(k + 1) = k% + 3k? + 8k + 6, and a number made

some further progress.

Unfortunately, even otherwise good candidates are still writing down incorrect or incomplete induction statements, such as ‘Let n = k’ rather than
‘Suppose true for n = k’ (or equivalent).

It was also noted than an increasing number of candidates this session assumed ‘P(n) to be true’ before going to consider P(n + 1). Showing a lack
of understanding of the induction argument, these approaches scored very few marks.

It is given that log, y + log,  + log, 22 = 0.



a. Show that log,.z = ;log, z where 7, z € R". 2]
b. Express y in terms of z. Give your answer in the form y = px?, where p , g are constants. [5]

c. The region R, is bounded by the graph of the function found in part (b), the x-axis, and the lines ¢ = 1 and * = a where « > 1. The areaof R [5]
is v/2.

Find the value of a.

Markscheme

a. METHOD 1

log, x log,
log.e = — (=

log, 72

= 210gﬂ) M1A1

log, =
=22 aG

[2 marks]

METHOD 2

logrz Tr = - M1

log, 2

= _1 A1

2log,

log, x
=22 AG

[2 marks]

b. METHOD 1
log, y + logy « +1og, 22 =0
log,y +log, 222 =0 M1
log, y + %log2 222 =0 M1
log, y = —5log, 21°
— -1
log, y = log, ( \/ﬂ) M1A1
1.1
Y= Ew A1
Note: For the final A mark, y must be expressed in the form pz9.

[5 marks]

METHOD 2

log, y + log,  +log, 2z = 0

log, y + %log2 T+ %log2 2c =0 M1
log, y + log, x7 + log, (2:1:)% =0 M1
log, <\/§wy> =0 m1

\/ixy: 1 A1



1
=L A1
y=52

Note: For the final A mark, y must be expressed in the form pz9.

[5 marks]

o
C. the area ofRisféw’lda: M1
i

L) @
—{Enm}l A1
_ 1

—ﬁlna A1

1 J—
ﬁlnaf\/ﬁ M1
a=¢e A1

Note: Only follow through from part (b) if y is in the form y = pa?

[5 marks]

Examiners report

a. [N/A]
b [N/A]

o, [NA]

An 81 metre rope is cut into n pieces of increasing lengths that form an arithmetic sequence with a common difference of d metres. Given that the

lengths of the shortest and longest pieces are 1.5 metres and 7.5 metres respectively, find the values of » and d .

Markscheme
81=2(1.5+175) MI

=>n=18 Al
1.54+17d =75 Ml

6
:>d=1—7 Al NO

[4 marks]

Examiners report

There were many totally correct solutions to this question, but a number of candidates found two simultaneous equations and then spent a lot of

time and working trying, often unsuccessfully, to solve these equations.

Given that zj—Z =2—1i,z¢€ C,find z in the form a + ib .




Markscheme

METHOD 1
z=(2-1)(2+2) Ml
=2z+4—iz—2i

Z2(1—1i) = —4+2i

442

-— Al
2= A x5 Ml
=-3—-i Al
METHOD 2
letz=a-+1ib
ath _9 i MI
a+ib+2

a+ib=(2-1)((a+2)+1idb)
a+ib=2(a+2)+2bi—-i(a+2)+b
a+ib=2a+b+4+(2b—a—2)i

attempt to equate real and imaginary parts M1
a=2a+b+4(=a+b+4=0)
andb=2b—a—-2(=—-a+b—-2=0) Al

Note: Award Al for two correct equations.

b=-1a=-3 Al
z=-3—-1

[4 marks|

Examiners report

A number of different methods were adopted in this question with some candidates working through their method to a correct answer. However

many other candidates either stopped with z still expressed as a quotient of two complex numbers or made algebraic mistakes.

Given that (4 — 5i)m + 4n = 16 + 151, where i = —1, find m and n if

a. m and n are real numbers; [3]

b. m and n are conjugate complex numbers. [4]

Markscheme

a. attempt to equate real and imaginary parts M1
equate real parts: 4m + 4n = 16; equate imaginary parts: —5m = 15 Al
=>m=-3,n=T7 Al
[3 marks]



b.letm=z+iy, n=z—iy Ml

= (4 - 51)(z + iy) + 4(z — iy) = 16 + 15i

= 4z — biz + 4iy + 5y + 4z — 4iy = 16 + 15i
attempt to equate real and imaginary parts M1
8 +5y=16, —5x =15 Al
=>z=-3,y=8 Al

(=m=-3+8, n=-3—8i)

[4 marks]

Examiners report

a. Part (a) was generally well answered. In (b), however, some candidates put m = a + ib and n = ¢ + id which gave four equations for two
unknowns so that no further progress could be made.
b. Part (a) was generally well answered. In (b), however, some candidates put m = a + ib and n = ¢ + id which gave four equations for two

unknowns so that no further progress could be made.

Consider the complex number z = cos 6 + isin 6.

The region S is bounded by the curve y = sin zcos?z and the x-axis between z = 0 and = = %

(W]

. Use De Moivre’s theorem to show that 2" + 2™ = 2cosnf, n € Z™.
b. Expand (z + z’1)4.
c. Hence show that cos*8 = p cos 46 + g cos 26 + r, where p, ¢ and r are constants to be determined.

d. Show that cos®9 = 3%(:05 60 + 1%cos 40 + ;—;cos 20 + 1%.

e. Hence find the value of fOE cos’6dé.
f. Sisrotated through 27 radians about the x-axis. Find the value of the volume generated.

. . . . . 2k
g. (i) Write down an expression for the constant term in the expansion of (z + z‘l) ke Z*.

(i) Hence determine an expression for foE cos?*6d@ in terms of k.

Markscheme

a. 2"+ 27" = cosnf + isinnb + cos(—nbh) + isin(—nh) Ml

=cosnb + cosnb +isinnf —isinnf Al
=2cosnf AG
[2 marks]

14 1 1 1 1
b. b) (24271 =2*+423 (;)+6z2 (?)+4Z(z_3)+? Al
Note:  Accept (z + 2_1)4 = 16cos*6.

[1 mark]

2]
(1]
(4]

(3]

(3]

(4]

(3]



c. METHOD 1
(24271 = (z4+ Z%) +4(z2—|— 2—12) +6 Ml
(2cosf)* =2cos40+8cos20+6 AIAL

Note: Award A1 for RHS, A1 for LHS, independent of the M1.

cos 46 + %cos 20 + % Al
1 3
(OI'p: R qZEa ng)
METHOD 2
2
cos? = (%) Ml
1

= ;(cos?20 +2cos20 + 1) Al

= 1(=4 4 2c0s20+1) Al

cos'f = %cos 46 + %cos 26 + % Al
1 1 3
(Ornga qa= 5, ng)
[4 marks]
d (z+27Y)° =20 +62° (%) + 152 (%) +202° (ig) + 1522 (%) + 62 (if,) +5 Ml
z z z z z

(z+271)° = (z6+ziﬁ) +6(z4+z—14> +15(z2+zi2) +20
(2c0s0)® = 2cos660 + 12cos 40 + 30cos 20 + 20 AIAI

Note: Award A1 for RHS, A1 for LHS, independent of the M1.
6g_ 1 3 15 5

cos'0 = 350860 + zcosdf + s5cos20 + 1 AG

Note: Accept a purely trigonometric solution as for (¢).

[3 marks]

e. [,? cos®0do = [? (%cos 66 + —cos40 + z>cos 20 + %) dé

= [ﬁsinﬁ@—i— 6—isin40—|— %sin%—i— 15—69 02 MiA1

_ 5w

[3 marks]
f. V= [?sin’zcos’zde M1

™ ™
= [,? cos*zdz — 7 [(? cosSzdz M1
™
2 cogd = 3
Jo? cos'zdz = = Al
2

— 3’ _5n’ _ n?
V_16 32~ 32 Al

Note: Follow through from an incorrect r in (¢) provided the final answer is positive.

g- (i) constant term = (2:) = % = EZC)); (accept C) Al
. ok (5 okpaa R .
(i) 2% [;? cos**0dg = Bz Al
2%
i (2k)'m ( k )”
f02 cos2k0de = P Or 5 Al

[3 marks]



Examiners report

a.

Part a) has appeared several times before, though with it again being a ‘show that’ question, some candidates still need to be more aware of the

need to show every step in their working, including the result that sin(—nf) = — sin(n#9).

. Part b) was usually answered correctly.

Part ¢) was again often answered correctly, though some candidates often less successfully utilised a trig-only approach rather than taking note

of part b).

. Part d) was a good source of marks for those who kept with the spirit of using complex numbers for this type of question. Some limited

attempts at trig-only solutions were seen, and correct solutions using this approach were extremely rare.

Part e) was well answered, though numerical slips were often common. A small number integrated sin n6 as n cos n6.

A large number of candidates did not realise the help that part ) inevitably provided for part f). Some correctly expressed the volume as
[ costzdr — 7 f cos®zdz and thus gained the first 2 marks but were able to progress no further. Only a small number of able candidates
were able to obtain the correct answer of g—;

IN/A]

. Part g) proved to be a challenge for the vast majority, though it was pleasing to see some of the highest scoring candidates gain all 3 marks.

The geometric sequence u4, Uz, us, ... has common ratio r.

Consider the sequence A = {an =log, |un|:n € Z*}.

a.

b.

Show that A is an arithmetic sequence, stating its common difference d in terms of r. [4]

A particular geometric sequence has u4 = 3 and a sum to infinity of 4. [3]

Find the value of d.

Markscheme

a.

METHOD 1

state that u,, = ulr"’l (or equivalent) A1

attempt to consider a,, and use of at least one log rule M1

log, [u,| = log, |ui| + (n — 1) log, |r| A1

(which is an AP) with d = log, |r| (and 15t term log, |u1]) A1

so A is an arithmetic sequence  AG

Note: Condone absence of modulus signs.

Note: The final A mark may be awarded independently.

Note: Consideration of the first two or three terms only will score MO.

[4 marks]

METHOD 2



consideration of (d =) ant1 — an, M1
(d) = logy [unt1] — logy [ua|
(d) = log,

(d) =log, |r] A1

Un+1
un

M1

which is constant  R1
Note: Condone absence of modulus signs.
Note: The final A mark may be awarded independently.

Note: Consideration of the first two or three terms only will score MO.

b. attempting to solve 1% =4 M1

1
r= 1 A1
d=-2 A1
[3 marks]

Examiners report

a. [N/A]
b. [N/A]

Consider the following equations, where a , b € R :
z+3y+(a—1)z=1

2z +2y+(a—2)z=1

3z+y+(a—3)z=0.

a. If each of these equations defines a plane, show that, for any value of a , the planes do not intersect at a unique point.

b. Find the value of b for which the intersection of the planes is a straight line.

Markscheme
a. METHOD 1
1 3 a-1
det| 2 2 a—2 Ml
3 1 a—-3

=1(12(a-3)—(a—2))—3(2(a—3)—-3(a—2))+(a—1)(2-106)
(or equivalent) A1
= ( (therefore there is no unique solution) A1

[3 marks]
METHOD 2
1 3 a—-1]1 1 3 a-1 1
2 2 a—2{1):10 -4 —a -1 MIiAl
3 1 a—-3I|0b 0 -8 —2a|b-3
1 3 a-1 1
0 4 —a -1 (and 3 zeros imply no unique solution) A1

0 0 0 b—1
[3 marks]

(3]

(4]



b. METHOD 1

1 3 a-1]|1 1 3 a-1 1
2 2 a-2|1}:10 —4 —a -1 MIAI
3 1 a—3|0b 0 -8 —2a|b-3

1 3 a-1 1
0 -4 —a -1 Al
0 O 0 b—1

b=1 A1 N2

Note: Award M1 for an attempt to use row operations.

[4 marks]

METHOD 2

b=1 A4

Note: Award A4 only if “ b —1 ” seen in (a).

[4 marks]

Examiners report

a. The best candidates used row reduction correctly in part a) and were hence able to deduce b = 1 in part b) for an easy final 4 marks. The

determinant method was often usefully employed in part a).

b. The best candidates used row reduction correctly in part a) and were hence able to deduce » = 1 in part b) for an easy final 4 marks. The

determinant method was often usefully employed in part a).

Consider the complex numbers z; = 1 + \/§i, z=14+iandw = %

a.i. By expressing z; and z2 in modulus-argument form write down the modulus of w; [3]
a.ii.By expressing z1 and z2 in modulus-argument form write down the argument of w. 1]
b. Find the smallest positive integer value of n, such that w" is a real number. [2]

Markscheme

a.i.z; = 2cis (%) and zy = v/2cis (%) A1A1
Note: Award A1AO0 for correct moduli and arguments found, but not written in mod-arg form.

lw| =2 A1

[3 marks]



a.i.z; = 2cis (g) and zz = +/2cis (;) A1A1

Note: Award A1AO for correct moduli and arguments found, but not written in mod-arg form.

™

> Al

argw =
Notes: Allow FT from incorrect answers for z; and 25 in modulus-argument form.

[1 mark]

b. EITHER

sin(%) =0 (M1)
OR

arg(w™) =m (M1)

nm
12

THEN

=T

.n=12 A1

[2 marks]

Examiners report

ai. NVAI
ailNVAl
o INA

Consider the complex numbers

z1 = 2«/§cis377r and zp = —1 4+ +/3i .

a. (i) Write down 2; in Cartesian form.

(ii) Hence determine (z; + 23)* in Cartesian form.
b. (i) Write 22 in modulus-argument form.
(i) Hence solve the equation 2® = 2 .

c. Let z=rcisf, wherer € R and 0 < 6 < 2 . Find all possible values of rand 6,
() if2? = (1+ 22)%

(i) ifz= =

n
d. Find the smallest positive value of n for which (i—;) €R*.

Markscheme

a () =z =2V3cisT =z =23 Al

(3]

(6]

[6]

(4]



() z1d+22=-2V3-1++3i=-1-+31 AI
(Z1 + Zz)* =—-1+ \/gi Al
[3 marks]

b. (i) |z2[=2
tanf = —/3 (M1)
2z lies on the second quadrant
0 =argz = 2—;
2 =2cisZ  AlAl

(i) attempt to use De Moivre’s theorem M1
2% 2k
z=V2cis2—, k=0,1and 2
z= \?/§cis%”, \3/§cis%7r, \‘°/§cisﬁ97r (: V2 cis (—sz>> AlAl

Note: Award A1 for modulus, A1 for arguments.

Note: Allow equivalent forms for z .

[6 marks]
c. () METHOD 1

2
2= (1—1+\/§i) :—3<:>z:i\/§i> M1
z= \/§cisg orz; = \/§cis%7T (: V3 cis (%)) AlAl
™ 3 -
sor=+/3and 0 = zorf= T(: T)
Note: Accept r cis(6) form.
METHOD 2
2
22 = (1 1+ \/§i> = 3= 22=3cs((2n+1)1) MI

rP=3=r=+3 a1
20=(2n+)r=0=Zorf=3 (as0<O<2m) Al
Note: Accept r cis(d) form.

(i) METHOD 1

2= 2c1s%7r - 2::152—37r Mi
=z = ;cisg
sorz%andt?zg AlAl
METHOD 2
1 —1-+/3i
! —1+V3i ! (—1+\/§i) (—1—«/31)
. 14+/3i 1 .. 7
= 1 z = 5(:153
sor=sandf =7 AlAl
[6 marks]

d 2 =V3cisX (4D

n n 5
(i—;) =43 cisZt Al
equating imaginary part to zero and attempting to solve M1
obtainn=12 Al

Note: Working which only includes the argument is valid.

[4 marks]

Examiners report



a. Many candidates were perhaps fortunate in this question due to there being several follow through marks available. Part a) was often done

correctly. In part b), incorrect answers of 2 cis (— %) were common, though many of these candidates often applied De Moivre’s Theorem

correctly to their answers. In ¢) the majority found 22 = —3 but could then get no further. The second part was often poorly done, with those

rationalising the Cartesian form of z; having the most success. Part d) posed problems for a great many, and correct solutions were rarely seen.

cis (%) was often seen, but then finding n = 12 proved to be a step too far for many. In general, the manipulation of complex numbers in

polar form is not well understood.

b. Many candidates were perhaps fortunate in this question due to there being several follow through marks available. Part a) was often done

correctly. In part b), incorrect answers of 2 cis (— %) were common, though many of these candidates often applied De Moivre’s Theorem

correctly to their answers. In ¢) the majority found 22 = —3 but could then get no further. The second part was often poorly done, with those

rationalising the Cartesian form of z; having the most success. Part d) posed problems for a great many, and correct solutions were rarely seen.

cis (E’"T”> was often seen, but then finding n = 12 proved to be a step too far for many. In general, the manipulation of complex numbers in

polar form is not well understood.

c. Many candidates were perhaps fortunate in this question due to there being several follow through marks available. Part a) was often done

correctly. In part b), incorrect answers of 2 cis (— %) were common, though many of these candidates often applied De Moivre’s Theorem

correctly to their answers. In ¢) the majority found 22 = —3 but could then get no further. The second part was often poorly done, with those

rationalising the Cartesian form of 2z; having the most success. Part d) posed problems for a great many, and correct solutions were rarely seen.

cis (5an) was often seen, but then finding » = 12 proved to be a step too far for many. In general, the manipulation of complex numbers in

polar form is not well understood.

d. Many candidates were perhaps fortunate in this question due to there being several follow through marks available. Part a) was often done

correctly. In part b), incorrect answers of 2 cis (— %) were common, though many of these candidates often applied De Moivre’s Theorem

correctly to their answers. In ¢) the majority found 22 = —3 but could then get no further. The second part was often poorly done, with those
rationalising the Cartesian form of z; having the most success. Part d) posed problems for a great many, and correct solutions were rarely seen.

cis (%) was often seen, but then finding #n = 12 proved to be a step too far for many. In general, the manipulation of complex numbers in

polar form is not well understood.

(a) The sum of the first six terms of an arithmetic series is 81. The sum of its first eleven terms is 231. Find the first term and the common[14]

difference.

(b) The sum of the first two terms of a geometric series is 1 and the sum of its first four terms is 5. If all of its terms are positive, find the
first term and the common ratio.
(c) The 7*® term of a new series is defined as the product of the 7** term of the arithmetic series and the 7" term of the geometric series

above. Show that the " term of this new series is (r + 1)2" " .

d. Using mathematical induction, prove that [71

n

Y (r+1)27 "t =n2", neZ'.
r=1



Markscheme
(@) So¢=81=>8l=5(2a+5d) MIAI

= 27 =2a + 5d

Si =231 =231 =< (2a+10d) MIAI
=21=a+5d

solving simultaneously,a=6,d=3 A1A41l

[6 marks]

(b) a+ar=1 Al
atar+ar’+ar’=5 Al

= (a+ar)+ar*(l+r)=5

= 1+ar® x % =5

obtaining 7> —4 =0 MI

=r==2

r =2 (since all terms are positive) A1
a=1+ Al

[5 marks]

(c) APrthtermis3r+3 Al
GP rth term is 5271 Al
3(r+1)x 32" = (r+1)2""  MIAG

[3 marks]

Total [14 marks]
n
cprove: P, : Y (r+1)27 =02, ne Z'.
r=1

show true forn=1, i.e.
LHS=2x2"=2=RHS A1

assume true forn=k,i.e. MI

k
S (r+1)27 =k Eezt

r=1

consider n =k +1

k+1
S (r+1)2 = k2F 4 (k42)28 Mi1A41

r=1
= 2"k +k+2)
=2(k+1)2F A1

= (k+1)2Mt A1
hence true forn =k + 1

Py 1 is true whenever P is true, and P is true, therefore P, is true

R1



fornecZ"

[7 marks]

Examiners report

Parts (a), (b) and (c) were answered successfully by a large number of candidates. Some, however, had difficulty with the arithmetic.
d. In part (d) many candidates showed little understanding of sigma notation and proof by induction. There were cases of circular reasoning and

using 7, k and r randomly. A concluding sentence almost always appeared, even if the proof was done incorrectly, or not done at all.

The 1st, 4th and 8th terms of an arithmetic sequence, with common difference d, d # 0, are the first three terms of a geometric sequence, with

common ratio r. Given that the 1st term of both sequences is 9 find

a. the value of d; [4]

b. the value of 7; (1]

Markscheme

a. EITHER

the first three terms of the geometric sequence are 9, 97 and 9r%  (M1)
9+3d=9r(=3+d=3r)and9+7d = 9> (A1)

attempt to solve simultaneously (M1)

2
9+7d=9(%)

OR
the 1%, 4% and 8'" terms of the arithmetic sequence are

9,9+3d,9+7d (M1)

9+7d 9+3d
9+3d — 9 (A1)

attempt to solve  (M1)

THEN
d=1 A1
[4 marks]
4
b. r= 3 A1

Note: Accept answers where a candidate obtains d by finding r first. The first two marks in either method for part (a) are awarded for the same
ideas and the third mark is awarded for attempting to solve an equation in 7.

[1 mark]



Examiners report

o INA]

b. [N/A]

a. Show that sin (9 + %) = cosf. 1]
b. Consider f(z) = sin(ax) where a is a constant. Prove by mathematical induction that f ) () = a™ sin (aw + %) where n € Z" and (7]

£ (x) represents the n'® derivative of f(z).

Markscheme
a. sin<0+ %) = sin@cos% + cos@sin% M1

=cosf AG

Note: Accept a transformation/graphical based approach.

[1 mark]
b. considern =1, f'(z) = acos(az) M1
since sin (aaf: + %) = cos ax then the proposition is true forn =1 R1
assume that the proposition is true for n = k so f¥)(z) = o sin (ax + %’T) m1

f(k+1)(gc) = d(P@) (z a (ak cos (aa: + k%))) M1

dz

= a**lsin (am 2 %) (using part (a)) A7

k41
= gFt! sin(aac+ ( +2)7T> A1

given that the proposition is true for n = k then we have shown that the proposition is true for n = k + 1. Since we have shown that the
proposition is true for n = 1 then the proposition is true foralln € Z*  R1

Note: Award final R7 only if all prior M and R marks have been awarded.
[7 marks]
Total [8 marks]

Examiners report

/A
b, IN/A]

Solve the equation 2 — logs(z + 7) = log1 2z .
3



Markscheme

log; (%) = loggi MIMIAI

Note: Award M1 for changing to single base, M1 for incorporating the 2 into a log and A1 for a correct equation with maximum one log

expression each side.

r+7=18z MI

z =+ Al

[5 marks]

Examiners report

Some good solutions to this question and few candidates failed to earn marks on the question. Many were able to change the base of the logs, and

many were able to deal with the 2, but of those who managed both, poor algebraic skills were often evident. Many students attempted to change

the base into base 10, resulting in some complicated algebra, few of which managed to complete successfully.

Solve the equation 4% + 2°1% = 3.

Markscheme

attempt to form a quadratic in 2 M1
(2“”)2—&—402”“‘ —-3=0 A1

gr — _AEVIGHL2 V;G“z (:_2iﬁ) M1

2 = —247 (as —2—\/7<0) R1
In( —2++/7
x = log, (—2 + \/7) (:1: = %) A1
Note: Award RO A1 if final answer is z = log, (—2 + \/7)

[5 marks]

Examiners report

IN/A]

a. Write down and simplify the expansion of (2 + z)* in ascending powers of z.

(3



b

. Hence find the exact value of (2.1)%.

Markscheme

a.

2+z)!=2"+402°2+ 602222+ 4022° +2* M1(AT)

Note: Award M1 for an expansion, by whatever method, giving five terms in any order.

=16 + 32z + 242 + 8z° + z* A1

Note: Award M1A1AO for correct expansion not given in ascending powers of .

[3 marks]
. let z = 0.1 (in the binomial expansion) (M1)

2.1* = 16 4 3.2 4 0.24 + 0.008 + 0.0001 (A1)
=19.4481 A1

Note: At most one of the marks can be implied.
[3 marks]

Total [6 marks]

Examiners report

a
b

IN/A]
IN/A]

(3]

A geometric sequence has first term @, common ratio 7 and sum to infinity 76. A second geometric sequence has first term @, common ratio 7> and

sum to infinity 36.

Find r.

Markscheme

for the first series & =76 Al

for the second series —%= = 36 Al

1—r
76(1-7)

attempt to eliminate a e.g. ———— =36 MI

simplify and obtain 972 + 9r — 10 =0 (M1)Al

Note: Only award the M1 if a quadratic is seen.

30

obtain r = % and ——= (41)

18



r=2(=%-o0666...) a1

Note: Award A0 if the extra value of r is given in the final answer.

Total [7 marks]

Examiners report

Almost all candidates obtained the cubic equation satisfied by the common ratio of the first sequence, but few were able to find its roots. One of

the roots was r = 1.

The sum of the first two terms of a geometric series is 10 and the sum of the first four terms is 30.

(a) Show that the common ratio r satisfies 72 = 2.
(b) Givenr =2
(1) find the first term;

(i1)  find the sum of the first ten terms.

Markscheme

(a METHOD 1

a+ar=10 Al

a+ar+ar’+ar® =30 Al
at+ar=10=>ar’ +ar® =102 or ar’+ar’=20 Ml
10+10r2 =30 or r*(a+ar)=20 Al

=r’=2 AG
METHOD 2
4
) —j0and 8 — 30 M141

1—rt
=1z =3 Ml
leading to either 1 + 7% = 3 (or ! — 3r2 +2 = 0) AI
=7r=2 AG

[4 marks]

b () a+av2=10
a=—% or a:10<\/§—1) Al

142
. o0 (v
(i) Sw=1"7 (—ﬁl ) (=10 x31) M1
=310 Al
[3 marks]
Total [7 marks]

Examiners report



This question was invariably answered very well. Candidates showed some skill in algebraic manipulation to derive the given answer in part a).
Poor attempts at part b) were a rarity, though the final mark was sometimes lost after a correctly substituted equation was seen but with little

follow-up work.

Let 2 = cos @ + isin 6.

3
a. Use de Moivre’s theorem to find the value of (cos (g) + isin(%)) .

b. Use mathematical induction to prove that

(cos@ —isinf)" = cosnf — isinnf forn € Z*.

n

c. Find an expression in terms of @ for (2)" + (2*)", n € Z" where z* is the complex conjugate of z.

d. () Show that zz* = 1.

(i)  Write down the binomial expansion of (z + z*)3 in terms of z and 2*.

(i)  Hence show that cos 30 = 4cos0 — 3 cos 6.

e. Hence solve 4cos®0 — 2cos?0 — 3cosf+1=0for0 < 0 < .

Markscheme
a. (cos(g) +isin(%))3:cos7r+isin7r M1

=-1 A1

[2 marks]
b. show the expression is true forn =1 R1

assume true for n = k, (cos@ — isin )" = coskf —isinkd M1

Note: Do not accept “let n = k” or “assume n. = k”, assumption of truth must be present.
(cos @ — isin §)*! = (cos @ — isin #)*(cos § — isin 6)

= (coskf — isinkf)(cos @ —isinf) M1

= cos kf# cos 0 — sin kO sin @ — i(cos kfsin 6 + sin kO cos ) A1

Note: Award A1 for any correct expansion.

= cos((k+1)0) —isin((k+ 1)0) A1

therefore if true for n = k true forn = k + 1, true for n = 1, so true for all n(€ Z*) R1
Note: To award the final R mark the first 4 marks must be awarded.

[6 marks]
c. (2)"+ (z*)" = (cos @+ isinf)™ + (cos§ — isin B)"

= cosnb + isinnf + cosnf — isinnd = 2cos(nd) (M1)A1

[2 marks]

2]

(6]

2]

(5]

(6]



d.

() zzx = (cosf +isinf)(cosf —isinh)

= cos’f +sin’9 A1

=1 AG

Note: Allow justification starting with |z| = 1.

(i) (24 2% =23 + 3222% + 32(2*)% + (2%)3 (: 25+ 32+32%+ (z*)3> Al
(i) (24 2%)3 = (2cosh)® A1

23+ 32+ 32% + (2%) =2cos 30+ 6cos MIAT

cos 30 = 4cos®0 — 3cos AG

Note: M1 is for using zz* = 1, this might be seen in d(i).

[5 marks]
4cos°0 — 2c0s?0 — 3cosf+1 =10

4cos® — 3cos§ = 2cos?d — 1

cos(30) = cos(26) A1A1

Note: A7 for cos(36) and A1 for cos(26).
=0 A1

or30 =2m — 260 (or 30 = 4w — 20) M1
g=2 2" A1A1

5 5

Note: Do not accept solutions via factor theorem or other methods that do not follow “hence”.

[6 marks]

Examiners report

a. This was well done by most candidates who correctly applied de Moivre’s theorem.

. This question was poorly done, which was surprising as it is very similar to the proof of de Moivre’s theorem which is stated as being required in

the course guide. Many candidates spotted that they needed to use trigonometric identities but fell down through not being able to set out the

proof in a logical form.

This was well done by the majority of candidates.

. (d) parts (i) and (ii) were well done by the candidates, who were able to successfully use trigonometrical identities and the binomial theorem.

(d)(iii) This is a familiar technique that has appeared in several recent past papers and was successfully completed by many of the better
candidates. Some candidates though neglected the instruction ‘hence’ and tried to derive the expression using trigonometric identities.

Again some candidates ignored ‘hence’ and tried to form a polynomial equation. Many candidates obtained the solution cos(26) = cos(36) and

hence the solution @ = 0. Few were able to find the other solutions which can be obtained from consideration of the unit circle or similar methods.

(i) Express each of the complex numbers z; = V3 + i, 29 = —+v3+iand z3 = —2iin modulus-argument form. [9]

(ii) Hence show that the points in the complex plane representing z1, z2 and z3 form the vertices of an equilateral triangle.



(iii)  Show that z3" + 23" = 223" where n € N.
b. (i) State the solutions of the equation z” = 1 for z € C, giving them in modulus-argument form. 9

(i) Ifwis the solution to 27 = 1 with least positive argument, determine the argument of 1 + w. Express your answer in terms of 7.

(iii)  Show that 22 — 2z cos (27”) + 1 is a factor of the polynomial z7 — 1. State the two other quadratic factors with real coefficients.

Markscheme

a. (i) = = 2cis (g) 25 = 2cis (%”) | 23 = 2cis (fg) or 2cis (3;) ALAIAT

Note: Accept modulus and argument given separately, or the use of exponential (Euler) form.
Note: Accept arguments given in rational degrees, except where exponential form is used.

(i1) the points lie on a circle of radius 2 centre the origin =~ A1
differences are all %ﬂ( mod 27w) Al

= points equally spaced = triangle is equilateral RIAG
Note: Accept an approach based on a clearly marked diagram.
(i) 23+ 24" = 2%cis (2) + 2eis (27) M1

—2x 2%ncis (%) Al

28" = 2 x 2cis ((5T) =2 x 2cis (1) 414G

[9 marks]

b. (i) attempt to obtain seven solutions in modulus argument form M1

z:cis("”“T”), k=0,1...6 Al

(i)  w has argument 27” and 1 + w has argument ¢,

sin(z—;’)
1+cos(2—77')
_ 25in(%) cos(%) ",

2cos? ( %)

—tan(f) = ¢=% Al

then tan(¢) = M1

Note: Accept alternative approaches.

(iii)  since roots occur in conjugate pairs, (R1)

2" _1hasa quadratic factor (z —cis (%T)) X (z — cis <72_">> Al

=22 2zcos(27ﬂ) +1 AG

other quadratic factors are 22 — 2z cos (47”> +1 Al



and 22 — 2zcos<67ﬂ> +1 Al

[9 marks]

Examiners report

a. (i) A disappointingly large number of candidates were unable to give the correct arguments for the three complex numbers. Such errors
undermined their efforts to tackle parts (ii) and (iii).
b. Many candidates were successful in part (i), but failed to capitalise on that — in particular, few used the fact that roots of 2" — 1 = 0 come in

complex conjugate pairs.

Consider the complex numbers z; = 2¢is150° and z3 = —1 +1i.
a. Calculate % giving your answer both in modulus-argument form and Cartesian form. [7]
b. Using your results, find the exact value of tan 75° , giving your answer in the forma + vb,a,b e Z" . [5]

Markscheme

a. in Cartesian form

a=2x-Lyaxli M

=—V34+i Al

z1 —\/§+i

14

7\/§+i) (—1-i)

= X M
V3-1

TR B (0 P

in modulus-argument form

7o = V/2cis135° Al

2 2¢is150°
22 V/2cis135°

= +/2cis15° AlAl

|7 marks]
b. equating the two expressions for z—;
o __ 143
cos15” = e Al
. 1po _ V31
sin15° = WA Al
_ V31

tan 75° = % N
_ (vV3+1) (vV3+1) AI
(v3-1)(v3+1)

=243 Al




[5 marks]

Examiners report

a INA]
b, IN/A]
a. Showthat —— =+vn+1 — v/nwheren >0, n € Z.

Vnr+vn+l

1
b. Hence show that v/2 — 1 < =

r=n
C. Prove, by mathematical induction, that > % >4/nforn>2 ncZ.
r=1 V"
Markscheme
1 _ 1 n+tl—+/n
a VatVatl | Jatvntl . Vn+l—y/n M1
_ YRTVE
(n+1)—n
=vn+1—+yn AG
[2 marks]
b. —1=_1_
V2-1= s
1
< G AG
[2 marks]

c. consider the case n = 2: required to prove that 1 + % >+/2 M1

from part (b) % >42-1

hencel—l—i2 > \/iistrueforn=2 Al

N
r=k

now assume true forn =k : ) % >VE M1
r=1

1 Vi
ﬁ+"'+ﬁ>\/%

attempt to prove trueforn = k+ 1 : % 7T =

1
from assumption, we have that Ll + ...+ i + L > \/E + !

Vi VE o VEHL VEFL
1
so attempt to show that vk + — > vE+1 (M1)
EITHER
1 J—
= > VEk+ Vk At

SR N
VEFL VE+VETL

OR

, (from part a), which is true A1

L !

2]

2]

(9]



\/E n 1 VEFIVE+L

T N A1
VEVE+L
Nl kE+1 A1
THEN

sotrue forn = 2andn = ktrue = n = k + 1 true. Hence true foralln > 2 R1

Note: Award R1 only if all previous M marks have been awarded.
[9 marks]

Total [13 marks]

Examiners report

o INVA]
b, IN/A

.. INA

n
Prove by mathematical induction Y. r(r!) = (n+1)! = 1,n € Z".

r=1

Markscheme

letn =1

LHS=1x1=1
RHS=(1+1)!-1=2-1=1
hence true forn =1 RI

assume true forn = k

Xk:r(r!) =(k+1)-1 Ml
g:ir(r!) =k+1)N! -1+ (k+1)x(E+1)! MIAI

=Fk+DI(1+k+1)—-1

=(k+D(k+2)—-1 Al

= (k+2)!—1 Al

hence if true forn = k, trueforn =k+1 RI

since the result is true for n = 1 and P(k) = P(k + 1) the result is proved by mathematical induction Vn € Z*  RI

[8 marks]

Examiners report

This question was done poorly on a number of levels. Many students knew the structure of induction but did not show that they understood what

they were doing. The general notation was poor for both the induction itself and the sigma notation.



In noting the case for n = 1 too many stated the equation rather than using the LHS and RHS separately and concluding with a statement. There
were also too many who did not state the conclusion for this case.

Many did not state the assumption for n = k as an assumption.

Most stated the equation for n = k + 1 and worked with the equation. Also common was the lack of sigma and inappropriate use of n and & in the
statement. There were some very nice solutions however.

The final conclusion was often not complete or not considered which would lead to the conclusion that the student did not really understand what

induction is about.

The cubic equation z* + pz* + gz + ¢ = 0, has roots a, /3, 7. By expanding (z — a)(z — 8)(z — ) show that

a @) p=—(a+B+7); [3]
i) g=aBf+py+y%
@iy c=—apfy.

b. It is now given that p = —6 and g = 18 for parts (b) and (c) below. [5]

(i) Inthe case that the three roots «, 3, -y form an arithmetic sequence, show that one of the roots is 2.

(i)  Hence determine the value of c.

c. In another case the three roots a, 3, -y form a geometric sequence. Determine the value of c. [6]

Markscheme

a. (i)-(iii) given the three roots o, 83, -, we have

B +pr’t+grt+ce=(z—a)(z—-B)(z—v) M1

= (@~ (a+B)z+apf)(z—n) A1

=2* — (a+B+7)2* + (af + By +ya)z —afy Al
comparing coefficients:

p=—(a+B+7) AG

q=(af+py+ya) AG

c=—afy AG

[3 marks]

b. METHOD 1

() Given—a—F—v=-6

And aff + By + ya = 18

Let the three roots be a, 8, ¥
Sof—a=v—8 M1

or2=a+vy

Attempt to solve simultaneous equations: M1

B+28=6 A1



B=2 AG

i) aty=4
20+ 2y + ay =18
=72 —4y+10=0

4+iv/24
=7=— (A1)

4+iv24 ) ( 4-iV22

Therefore c = —affy = — ( 5 5 ) 2=-20

METHOD 2

(i) letthethreerootsbea, a—d, a+d M1
adding roots M1

togive3a =6 At

a=2 AG

(ii) aisaroot, 5028 —6x22+18x24+¢c=0 M1
8§8—-24+36+4+c=0

c=-20 A1

METHOD 3

(i) letthethreerootsbea, o —d, a+d M1
adding roots M1

togive3a =6 A1

a=2 AG

i) ¢g=18=22—-d)+(2—-d)(2+d)+2(2+4d)
d*=—-6=d=6i

=c=-20 A1

[5 marks]
. METHOD 1

Given —a — f—v = —6
And af + By + ya = 18

Let the three roots be a, 3, 7.

B

SOE: M1

x
B
or B2 = ay
Attempt to solve simultaneous equations: M1
aB+yB+ =18

Bla+B+7) =18

65 =18

8=3 A1
at+vy=3, a= %
=92-37+9=0

3+iv/27
=7=—3 (A1)(A1)

3+iv27 ) ( 3-iv27

. ) 8=~

Therefore c = —afy = — (

A1

M1

A1



METHOD 2

let the three roots be a, ar, ar? M1

attempt at substitution of a, ar, ar? and p and q into equations from (a)

6 =a+ ar + ar? (: a(1+r—|—r2)) At
18 = a’r + a’r® + a*r? (= a’r(1 + 7 +1?)) A1

therefore 3 = ar A1

therefore c = —a’r® = —33 = —27 A1
[6 marks]
Total [14 marks]

Examiners report

a

C

Let {un}, n € Z", be an arithmetic sequence with first term equal to a and common difference of d, where d # 0. Let another sequence

IN/A]
IN/A]
IN/A]

{vn}, n € Z", be defined by v, = 2"".

() Show that UZ—“ is a constant.

(i)  Write down the first term of the sequence {vy, }.

(iii)  Write down a formula for vy, in terms of a, d and n.

. Let S, be the sum of the first n terms of the sequence {vn}

() Find Sy, in terms of a, d and n.

o0

(i)  Find the values of d for which >_ v; exists.
i=1

o0
You are now told that E v; does exist and is denoted by Sw.

i=1
(iii)  Write down S, interms of a and d .

(iv) Given that S, = 2% find the value of d .

Let {wn}, n € 7™, be a geometric sequence with first term equal to p and common ratio g, where p and q are both greater than zero. Let

another sequence {z, } be defined by z, = Inwy,.

n

Find Y z; giving your answer in the form In & with k in terms of n, p and q.

i=1

Markscheme

a.

() METHOD 1

Unt1 . 2n+1 M1

Un 20

M1

[4]

(8]

[6]



— QUnt1—Un _— 2d A1

METHOD 2
Vpt1 _ 2a+nd
Un - 2a+(n—1)d M1
=2¢ A1
i) =2 A1

Note: Accept = 2“1,

(i) EITHER

vy, is a GP with first term 2% and common ratio 24
vn — 2a(2d)(n71)

OR

u, =a+ (n—1)dasitisan AP

THEN

Up = get(n=d  Aq

[4 marks]

_ 20( (24" -1 ga(gin_q
) S = (m ) L mar

Note: Accept either expression.

(i)  for sum to infinity to exist need —1 < 2¢ <1 R1
=log2¢ <0=dlog2<0=d<0 (M1)A1

Note: Also allow graph of 24,

(iv) Zd —gotl ;2 —2 M1

=1=2-211 =240 =1
=d=-1 A1
[8 marks]

. METHOD 1

wy, =pg"t, 2, =Inpg"t (A1)
zn=Inp+(n—1)Ing M1AT1

Znt1 —2n = (Inp+nlng) — (lnp+ (n —1)Ing) = Ing
which is a constant so this is an AP

(with first term In p and common difference In g)

n
;zi =%(2mlnp+(n—1)lng) M1

—n (1np+ lnq("Tl>) = nm(pq("%)) m1)



n(n—1)
—ln(p"q 2 ) A1l

METHOD 2

n

S zi=lnp+Inpg+Inpg® +... +Inpg" ! (M1)A1
i=1

— ln(pnq(1+2+3+..‘+(n—1))) (M1)A1

[6 marks]

Total [18 marks]

Examiners report

a. Method of first part was fine but then some algebra mistakes often happened. The next two parts were generally good.

b. Given that (a) indicated that there was a common ratio a disappointing number thought it was an AP. Although some good answers in the next

parts, there was also some poor notational misunderstanding with the sum to infinity still involving n.

c. Not enough candidates realised that this was an AP.

Express —— in the form < wherea, b€ Z .
(1-iv3) b

—1

Markscheme

METHOD 1

r=20=-1 (A)(Al)

L (=iv3) 8 =27 (cos(-5) + isin(—%))% MI
(cosm+isinm) (M)

=3 Al

[5 marks]

METHOD 2

(1—v3i)(1-V3i)=1-2V3i—3 (=—-2-2V3i) (MDAl
(=2 — 2¢/3i)(1 — V3i) = =8  (MI)(Al)

g, u——lﬁ)g =1 Al

[5 marks]

METHOD 3

Attempt at Binomial expansion M1

(1—+/31)° =1+ 3(—31) + 3(—V31)2 + (—v/31)®  (4D)
=1-3V31—-9+3V31 (A4l

=8 Al



1 1
L -1 M
T a3 8

[5 marks|

Examiners report

Most candidates made a meaningful attempt at this question using a variety of different, but correct methods. Weaker candidates sometimes made

errors with the manipulation of the square roots, but there were many fully correct solutions.

) ™ 1\ B
Find the value of kif > k <§> =T

r=1

Markscheme

w=gk,r=5 (A) (4D
1k

7T=-2- MI
=3

k=14 Al

[4 marks]

Examiners report

The question was well done generally. Those that did make mistakes on the question usually had the first term wrong, but did understand to use

the formula for an infinite geometric series.

Given that z; = 2 and 2z, = 1 + 1/3i are roots of the cubic equation 2° + bz2 + cz+d =0

where b, ¢, d € R,
(a) write down the third root, 23, of the equation;

(b) find the values of b, cand d ;

(c) write 2z, and 25 in the form re'.

Markscheme
(a) 1—+/3i Al

(b) EITHER

(2= 1+ 3)) (2 - (1= v3)) =22 —2: 44 MDA
p(2) = (- 2)(2— 224+ 4) (MD)

=2 —422+82—-8 Al



therefore b = —4, ¢ =8, d = —8

OR

relating coefficients of cubic equations to roots
~b=2+1+3i+1-+B8i=4 MI
c=2(1++/3i) +2(1 —+/3i) + (1 ++3i)(1 - v3i) =8
—d = 2(1++/3i)(1 - V/3i) =8

b=—-4,c=8,d=-8 AlAdlAl

() 2z =27, 23=2e 5 AIAIAI
Note: Award A1 for modulus,

Al for each argument.

[8 marks]

Examiners report

Parts a) and ¢) were done quite well by many but the method used in b) often lead to tedious and long algebraic manipulations in which students

got lost and so did not get to the correct solution. Many did not give the principal argument in c).

Consider the function f,,(z) = (cos2z)(cos4z) ... (cos2"z), n € Z™.

a. Determine whether f,, is an odd or even function, justifying your answer. [2]

b. By using mathematical induction, prove that [8]

fo(z) = sin2o g ZE where m € Z.

2" sin 2z
c. Hence or otherwise, find an expression for the derivative of fn(:c) with respect to . [3]
d. Show that, for n. > 1, the equation of the tangent to the curve y = f,,(z) atz = % isdr — 2y —m=0. [8]

Markscheme

a. even function A1

since cos kz = cos(—kz) and f,(z) is a product of even functions  R1
OR
even function A1

since (cos 2z)(cos4z) ... = (cos(—2z)) (cos(—4z))... R1

Note: Do not award AOR1.



[2 marks]

. consider the casen = 1

sindz 2 sin 2z cos 2z

= =cos2x M1

2sin 2z 2sin 2z

hencetrueforn =1 R1

. k+1
sin2"" " x M1

. k
assume true for n = k, ie, (cos 2z)(cos4z) ... (cos 2"z) = g

Note: Do not award M1 for “let n = k” or “assume n. = k” or equivalent.

considern = k + 1:
fer1(z) = fr(z)(cos 2 1z)  (M1)

sin 2¢1g
=2 2.s2Mlg A1
2" sin 2z
2sin 2F+1g cos 28+l
2K sin 22

At

__ sin ok+2y Al

261 gin 2a

son =1ltrueandn = ktrue = n = k + 1 true. Hence true forallm € Z*  R1

Note: To obtain the final R1, all the previous M marks must have been awarded.

[8 marks]
. attempt to use ' = Wv;;w (or correct product rule) M1
fé (:E) _ (27 sin 22)(2"*! cos 2"'“:5)7(si: 271 g) (27 cos 2z) A1A1
(2" sin 2z)

Note: Award A1 for correct numerator and A1 for correct denominator.

[3 marks]

o (2” sin %) (2”“ cos 2n+1 %) — (sin on+l %) (2”“ cos %)
f n\71

= (M1)(A1)

(2"sin ;)2
f, ( . ) @ <2n+1 cos 2n+1%)
A

s A
=2cos2"1 2 (=2cos2" 'm) A1

fi (g) =2 A1
fn (%) =0 A1

Note: This A mark is independent from the previous marks.

Y= (:1:— %) M1A1

4z —2y—7m=0 AG



[8 marks]

Examiners report

o INA
b, [N/A]
o INA]
q. VAl

Use the method of mathematical induction to prove that 4™ + 15n — 1 is divisible by 9 forn € Z™.

Markscheme

let P(n) be the proposition that 4" + 15n — 1 is divisible by 9

showing true forn =1 A1
ie forn=1,4"+15x1—-1=18
which is divisible by 9, therefore P(1) is true

assume P(k) is true so 4" + 15k — 1 =94, (A€ Z") M1

Note: Only award M1 if “truth assumed” or equivalent.

consider 47 4 15(k + 1) — 1

=4 x 4"+ 15k + 14

= 4(9A — 15k +1) + 15k + 14 M1

=4x9A4 —-45k+ 18 A1

= 9(4A — 5k + 2) which is divisible by 9 R1

Note: Award R1 for either the expression or the statement above.

since P(1) is true and P(k) true implies P(k + 1) is true, therefore (by the principle of mathematical induction) P(n) is true forn € Z* R1

Note: Only award the final R1 if the 2 M1s have been awarded.

[6 marks]

Examiners report

IN/A]



4
Expand and simplify (m2 — %) .

Markscheme
(= 2) =@t 4 a2y (-2) wo(-2) +ae)(-2) + (-2)" o
—o® 85+ 242> - 2 4 B 43

Note: Deduct one A mark for each incorrect or omitted term.

[4 marks]

Examiners report

Most candidates solved this question correctly with most candidates who explained how they obtained their coefficients using Pascal’s triangle

rather than the combination formula.

Expand (3 — m)4 in ascending powers of x and simplify your answer.

Markscheme
(3 —x)* =1.3* + 4.3%(—z) + 6.3%(—z)? + 4.3(—z)® + 1(—2z)* or equivalent  (M1)(A1)

= 81 — 108z + 5da? — 1223 + z*  A1A1
Note: A7 for ascending powers, A1 for correct coefficients including signs.

[4 marks]

Examiners report

IN/A]

(a) Consider the following sequence of equations.
1x2=¢(1x2x3),
1x2+2x3=1(2x3x4),

1x2+2x3+3x4=3(3x4x5),

(i) Formulate a conjecture for the nt® equation in the sequence.



(i)  Verify your conjecture forn =4 .
(b) A sequence of numbers has the n'® term given by u, = 2" 4+ 3, n € Z*. Bill conjectures that all members of the sequence are prime
numbers. Show that Bill’s conjecture is false.

(c) Use mathematical induction to prove that 5 x 7" + 1 is divisible by 6 forall n € Z*.

Markscheme

@ () 1x2+2x3+...4+n(n+1)=3n(n+1)(n+2) RI

(i) LHS=40;RHS=40 AI
[2 marks]

(b) the sequence of values are:
5,7,11,19,35 ... or an example Al
35 is not prime, so Bill’s conjecture is false RIAG

[2 marks]

(¢) P(n):5x 7"+ 1isdivisible by 6

P(1) : 36 is divisible by 6 = P(1) true A1

assume P (k) is true (5 x 78 41 =6r) MI

Note: Do not award M1 for statement starting ‘let n = &’.

Subsequent marks are independent of this M1.

consider 5 x 7%t 1 M1

=7(6r—1)+1 (4l

=6(7r—1)=P(k+1)istrue Al

P(1) true and P(k) true = P(k + 1) true, so by MI P(n) is true foralln € Z* RI

Note: Only award R1 if there is consideration of P(1), P(k) and P(k + 1) in the final statement.

Only award R1 if at least one of the two preceding 4 marks has been awarded.

[6 marks]
Total [10 marks]

Examiners report

Although there were a good number of wholly correct solutions to this question, it was clear that a number of students had not been prepared for
questions on conjectures. The proof by induction was relatively well done, but candidates often showed a lack of rigour in the proof. It was fairly

common to see students who did not appreciate the idea that P(k) is assumed not given and this was penalised. Also it appeared that a number of



students had been taught to write down the final reasoning for a proof by induction, even if no attempt of a proof had taken place. In these cases,

the final reasoning mark was not awarded.

() Show that (1 +itan6)" + (1 —itan@)" = 2% cos6 +£ 0.

cos"d

(i) Hence verify that i tan %ﬂ is a root of the equation (14 2)* + (1 —2)* =0, zeC.

(ii) ~ State another root of the equation (1 + 2)* + (1 —2)* =0, ze€C.

() Use the double angle identity tan 20 = 12};1?0 to show that tan g = /2 — 1.

(i)  Show that cos 4z = 8cos*z — 8cos?z + 1.

% 2cos4wd

(i) Hence find the value of ;¥ ——-

Markscheme

a.

() METHOD 1

. n . n
(1+itan0) + (1 - itan6)" = (1+i20) + (1-i25)" M1
[ cosf+isinf n cos@—isind \ "
- ( cosf > + ( cos 6 ) Al

by de Moivre’s theorem  (M1)

A1

cos 6 cos"f

( cos 0+isin @ ) " __ cosnb+isinnd

recognition that cos @ — i sin 6 is the complex conjugate of cos@ +isinf (R1)

use of the fact that the operation of complex conjugation commutes with the operation of raising to an integer power:

A1

P n P
cos 0—isin @ __ cosnf—isinnf
cos @ cos™f

(1+itan)” + (1 —itanf)" = 203l p

cos"6

METHOD 2
(1+itan6)" + (1 —itanf)" = (1 +itanf)" + (1 +itan(—6))" (M1)

__ (cosf+isind)" (cos(—0)+isin(—6))"
cos™f + cos™f

M1A1

Note: Award M1 for converting to cosine and sine terms.

use of de Moivre’s theorem (M1)

= —L_(cosnf + isinnb + cos(—nb) + isin(—nb)) A1

cos™0

= 2“)52"0 as cos(—nf#) =cosnfd and sin(—nb) = —sinnfd RIAG
cos?6

2c0s(4>< 3%)

4 4
(i (1+itan3—”) +(1—itan3—”) - i (A1)
8 8 cost
9 cos &
:LSS: A1l
cost =

=0 as cosSTW:O R1

[10]

(13]



Note: The above working could involve theta and the solution of cos(46) = 0.

3m

soitan 5

is a root of the equation AG

(i) either —itan 3T or —itanI or itanZi Af

5 it T

Y or 1tan 5

Accept — <1+\/§>i or (1—ﬁ)i or (—1+ﬁ) i

[10 marks]

Note: Acceptitan

s
tan -

b. () tan— = -

4 1—tan®% M1)

tanzg —|—2tan% —1=0 A1

lett = tan%

attemptingto solve t> + 2t —1 =0 for ¢t M1
t=-14++2 A1

™

8

tang >0 R1

tan%:\/ﬁfl AG

is a first quadrant angle and tan is positive in this quadrant, so

(i) cosdxr = 2cos?2x —1 A1
= 2(2cos21: — 1)2 -1 M1
=2 (4cos43: — 4cos?x + 1) -1 A1

= 8costz — 8cos?z +1 AG

Note: Accept equivalent complex number derivation.

s s D
¥ 2cosdzx 5 8cos*z—8cos’z+1
8 _ g
@i [y ——dz =2 Jo ———dz

=2 [, 8cos’z — 8 + sec’zdz M1
Note: The M1 is for an integrand involving no fractions.

use of cos’x = %(cos 2z+1) M1
=2 [ 4cos2z — 4+ sec’zdz A1

= [4sin 2z — 8z + 2tanw]0% Al
=442 — 71— 2 (orequivalent) A1
[13 marks]

Total [23 marks]

Examiners report



a. Fairly successful.

b. () Most candidates attempted to use the hint. Those who doubled the angle were usually successful — but many lost the final mark by not giving
a convincing reason to reject the negative solution to the intermediate quadratic equation. Those who halved the angle got nowhere.

(i)  The majority of candidates obtained full marks.

(i)  This was poorly answered, few candidates realising that part of the integrand could be re-expressed using @ = sec?z, which can be

immediately integrated.

Consider the equation 923 — 452> + 74z — 40 =10 .

a. Write down the numerical value of the sum and of the product of the roots of this equation. (1]

b. The roots of this equation are three consecutive terms of an arithmetic sequence. [6]

Taking the roots to be a , & + 3, solve the equation.

Markscheme

45 40
a. sum = -, product = o Al

[1 mark]
b. it follows that 3o = %> and a(a® — B2) = §  AIAI

solving, o = g Al

5 (25 2\ _ 40

3(? -8 ) =5 M
B=(+); Al

the other two roots are 2, % Al

[6 marks]

Examiners report

~IN/A]
b. [N/A]

(a) Show that the following system of equations has an infinite number of solutions.

T+y+2z=-2
3r—y+14z=6
z+2y= -5
The system of equations represents three planes in space.

(b) Find the parametric equations of the line of intersection of the three planes.



Markscheme

(a) EITHER
1 1 2 ]-2 11 2 |-=-2
3 -1 14| 6 - 10 1 —-2|-3 Ml
1 2 01]-5 00 010

row of zeroes implies infinite solutions, (or equivalent). RI

Note: Award M1 for any attempt at row reduction.

OR
1 1 2
3 -1 14|=0 MI
1 2 0
1 1 2
3 —1 14| = 0 with one valid point RI
1 2 0
OR

c+y+2z=-2

3r —y+142=26

x+2y=—-5 =>x=-5—-2y

substitute x = —5 — 2y into the first two equations:
—5-2y+y+2z=-2

3(-5—-2y)—y+14z=6 MI

—y+2z2=3

—Ty+14z=21

the latter two equations are equivalent (by multiplying by 7) therefore an infinite number of solutions. R1
OR

for example, 7 X Ry — Rp gives 4z + 8y = —20 M1

this equation is a multiple of the third equation, therefore an infinite
number of solutions. R1

[2 marks]

(b)) lety=t Ml
thenx = -5 —2t Al

=2 Al

OR

lete =t MI
theny:% Al
=1 Al

OR

letz=t MI

thenx =1—4t Al

y=-3+2t Al

OR

attempt to find cross product of two normal vectors:
i j k

eg:|l 1 2|=-4i+2j+k MIAl
1 2 0



x=1-—4t
y=—-3+2t
z=t Al
(or equivalent)
[3 marks]

Total [5 marks]

Examiners report

[N/A]

(a) Show that sin 2nz = sin((2n + 1)z) cosz — cos((2n + 1)z) sin z.

(b) Hence prove, by induction, that

in 2
cosx + cos 3z + cos 5z + ... + cos((2n — 1)z) = s;n' ne ,
sin ¢

foralln € Z", sinz # 0.

(¢) Solve the equation cos x + cos 3z = %, O<z<m.

Markscheme
(@) sin(2n+ 1)z cosz —cos(2n + 1)zsinz =sin(2n+ 1)z —z MIAI

=sin2nzx AG
[2 marks]

(b) ifn=1 Ml

LHS = cosz
RHS = ;ir{zz = 28nTesT _ o5z M1
sinx 2sinz

so LHS = RHS and the statement is true forn =1 RI
assume true forn=k Ml
Note: Only award M1 if the word true appears.

Do not award M1 for ‘let n =k’ only.

Subsequent marks are independent of this M1.

_ sin2k
S0 cos  + €08 3% + cos 5z + ... + cos(2k — 1)z = T2

ifn="k+ 1 then
cos + cos 3z + cosbz + ... + cos(2k — 1)z + cos(2k + 1)z M1
= 2ty cos(2k+ 1)z Al

2sinz

sin 2kz+2 cos(2k+1)x sinz
- Bk 1) Mi

2sinz

_ sin(2k+1)z cos z—cos(2k+1)z sinz+2 cos(2k+1)z sinz Ml

2sinx




sin(2k+1)z cos z+cos(2k+1)z sinz

- o Al
sinz
sin(2k+2)z
= O g
sin
sin 2(k+1)z
= Sanz Al
sinz

so if true for n = k, then also true forn =k + 1
as true for n = 1 then true foralln € Z*  RI
Note: Final R1 is independent of previous work.

[12 marks]

sin 4z 1

sindr = sinx

4z = ¢ = x = 0 but this is impossible

4m:7r—x:>:r:% Al
dz=2rtz=e=2 Al
dg=3r—r=>2="" Al

for not including any answers outside the domain  R1

Note: Award the first M1A41 for correctly obtaining 8cos®z — 4 cos  — 1 = 0 or equivalent and subsequent marks as appropriate including the

1 1+v5
answers (— oR T) .
[6 marks]
Total [20 marks]

Examiners report

This question showed the weaknesses of many candidates in dealing with formal proofs and showing their reasoning in a logical manner. In part
(a) just a few candidates clearly showed the result and part (b) showed that most candidates struggle with the formality of a proof by induction.
The logic of many solutions was poor, though sometimes contained correct trigonometric work. Very few candidates were successful in answering
part (c) using the unit circle. Most candidates attempted to manipulate the equation to obtain a cubic equation but made little progress. A few

candidates guessed %ﬂ as a solution but were not able to determine the other solutions.

Find the cube roots of i in the form a + bi, where a, b € R.

Markscheme

i=cos L +isiny (4

wl=

.1

13:(cos§+ising) :cos%+isin% (:§+%i) MIiAl

21

= (- By 3)  mar

Bro | ..
2z = cos - +isin >



23 = cos(—g) —|—isin(—%) =—i Al

Note: Accept exponential and cis forms for intermediate results, but not the final roots.

Note: Accept the method based on expanding (a + b)3. M1 for attempt, M1 for equating real and imaginary parts, 41 for findinga=0and b = -

, then 4141A1 for the roots.

[6 marks]

Examiners report

1
2

A varied response. Many knew how to solve this standard question in the most efficient way. A few candidates expanded (a + ib)® and solved the

resulting fairly simple equations. A disappointing minority of candidates did not know how to start.

a. Factorize 2% + 1 into a linear and quadratic factor.

14+iv3

b. Lety = ——.

(1)  Show that «y is one of the cube roots of —1.
(i) Show thaty? = v — 1.
(iii) Hence find the value of (1 — 7)°.

Markscheme

a. using the factor theorem z +1 is a factor (M1)

B2H1=((+1)(2—-2z+1) A4l
[2 marks]
b. i) METHOD 1

B=-1=22+1=0+1)(*-2+1)=0

solving 22 —2+1=0 M1
1i\éﬂ _ 11;\/5 Al

therefore one cube root of —l isy AG
METHOD 2

=2 .
2 _ <1+;\/§ ) _ 7121\/3 MIAI
9 —1+iy3 1+iv/3  —1-3
7 =— = Al
=-1 AG
METHOD 3
= V3 _ir M4l

2
Y=e"=-1 Al

(i) METHOD 1

[2]

0]

(MI)

asyisarootof 22 —z+1=0theny? —y+1=0 MIRI

t=y—-1 AG



Note: Award M1 for the use of 22 — z + 1 = 0 in any way.
Award R1 for a correct reasoned approach.

METHOD 2
7=
1= 1*;“5 1= ‘“;ﬁ Al

(i) METHOD 1
(1=9)°f=(—*% M1

=" 4l
=)t ™
=(-1)*

=1 Al
METHOD 2
(1—7)°

=1—67+15y% —209% + 159* — 67° + 45 M1A41
Note: Award M1 for attempt at binomial expansion.

use of any previous result e.g. =1 — 6y + 1592 +20 — 15y + 642 +1 M1

=1 Al
Note: As the question uses the word ‘hence’, other methods that do not use previous results are awarded no marks.

[9 marks]

Examiners report

a. In part a) the factorisation was, on the whole, well done.
b. Part (b) was done well by most although using a substitution method rather than the result above. This used much m retime than was necessary

but was successful. A number of candidates did not use the previous results in part (iii) and so seemed to not understand the use of the ‘hence’.

An arithmetic sequence uq, Uy, u3 . .. has u; = 1 and common difference d # 0. Given that u,, u3 and ug are the first three terms of a geometric

sequence

Given that uy = —15

a. find the value of d. [4]
N

b.  determine the value of 3 u,. (3]
r=1

Markscheme
a. useofu, =u1 +(n—1)d M1

(14 2d)? = (1 +d)(1 + 5d) (or equivalent) M1A1
d=-2 A1



[4 marks]
b.1+(N—-1)x —-2=-15
N=9 (A1)
9
Sur=2(2+8x-2) (M1)
r=1

=—-63 A1
[3 marks]

Examiners report

o INA
b, [N/A]

6
. . . . . . . Z .
Ifz1 =a+ a\/gz and z; = 1 — 4, where a is a real constant, express z; and z, in the form r cis #, and hence find an expression for (Z—;) in terms

ofaandi.

Markscheme

21 =2acis (), 2= v2eis (-3) MI Al 4l

EITHER
6 6 6 .
A’ o Zalds(0) (: 8aScis (—1)) MI Al Al
<z2> ﬁcis(g) 2
OR

z1 6 _
(%) =
= 8aScis (—%) Al

THEN
= —8abi Al
Note: Accept equivalent angles, in radians or degrees.

. . 6
Accept alternate answers without cis e.g. = 3%

[7 marks|

Examiners report

Most students had an idea of what to do but were frequently let down in their calculations of the modulus and argument. The most common error
was to give the argument of 2, as % , failing to recognise that it should be in the fourth quadrant. There were also errors seen in the algebraic

manipulation, in particular forgetting to raise the modulus to the power 6.

2 L2
Letw:(:OSTTr +isin 2.



Consider the quadratic equation 22 + bz + ¢ = 0 where b, ¢ € R, z € C. The roots of this equation are a: and oz where o is the complex

conjugate of a.

a. Verify that w is a root of the equation 27 — 1 =0, z € C. [3]

b. () Expand (w— 1)(1 +w + w? + w® + w* + w® + w). [3]
(i) Hence deduce that 1 + w 4+ w? + w® + w* + w° + w® = 0.

c. Write down the roots of the equation 2T —1= 0, z € Cin terms of w and plot these roots on an Argand diagram. [3]

d. () Giventhata =w + w? 4+ w, show that ax = w8 + w® + w?. [10]
(i)  Find the value of b and the value of c.

e. Using the values for b and c obtained in part (d)(ii), find the imaginary part of «, giving your answer in surd form. [4]

Markscheme

a. EITHER

7 2 . e 2T 7

w :<c057+1sm7> (M1)
= cos2mw +isin2w A1

=1 A1

sowisaroot AG

OR
2" =1 = cos(2rmk) + isin(27k) (M1)

z= cos(#) +isin(27ﬂ) Al

k=1=2z= cos(%’r) +isin<27”> A1
sowisaroot AG

[3 marks]

b. () (w—1)(1+w+w®+w®+w*+ v’ + wb)
=w+w2+w3+w4—|—w5+w6+w7—1—w—w2—w3—w4—w5—w6 M1
=w' —1(=0) A1
i) w' —1=0andw—-1#0 R1
sol+w+w+w+uw+w+uwb=0 AG
[3 marks]

c. theroots are 1, w, w?, w*, w*, w® and w®



L
W
3
W
S e
' Re &
Y |
"]
.
—u-_-f" w
4
|4}

[ S—

7 points equidistant from the origin A1
approximately correct angular positions for 1, w, w?, w®, w*, w®andw® A1
Note: Condone use of cis notation for the final two A marks.

Note: For the final A mark there should be one root in the first quadrant, two in the second, two in the third, one in the fourth, and one on the real
axis.

[3 marks]
) ok = (w+w? +wh)x

= w* +(w?) * +(w?)x A1

since = wx = w%, (w?)* = w® and (w*)*x = w® R1

= ax=wl +w’ +uw® AG

(i) b= —(a+ ax) (using sum of roots (or otherwise))  (M1)
b= —(w+w?+w+w+w +wb) (A1)

)

=1 At

¢ = aax (using product of roots (or otherwise)) (M1)

c= (w+w?+w)(w +w® + w?)

EITHER

=w'® +w + w4 3w+ w® +uw® +wt A1

= (b +w® +w +wd +w? +w)+3 M1

=3-1 (A1)

OR

=w'® + w? + v + 3w’ + wb + w® + w (= w1+ w+ w)(w? + w? + 1)) A1
=wh(w® + v + wt+w? +w+ 14 3wd) M1

= wi(wd + w® +w* +w® +w? +w+ 1+ 2wd)

=w(2u®) (A1)



THEN
=2 A1
[10 marks]

—1+iv7

5 M1A1

e. 224 242=0=z=

Im(w+ w? +w') >0 R1

Ima = g A1

Note: Final A mark is independent of previous R mark.

[4 marks]

Examiners report

a. The majority of candidates scored full marks in part (a).

b. The majority of candidates scored full marks in part (b)(j). It was expected to see w — 1 # 0 stated for the (b)(ii) mark, though some did appreciate

this.

c. In part (c), the roots were required to be stated in terms of w. This was sometimes ignored, thankfully not too frequently. Clear Argand diagrams
were not often seen, and candidates’ general presentation in this area could be improved. Having said this, most scripts were awarded at least 2 of

3 marks available.

d. Part (d) proved to be a good discriminator for the better candidates. The product and sum of roots formulae now seem to be better appreciated,

and while only the best scored full marks, a good number were able to demonstrate the result b = 1.

e. In part (e), of those candidates who reached this far in the paper, most were able to pick up two or three marks, albeit from sometimes following

through incorrect work. A correct reason for choosing ix/? over —i4/7 was necessary, but rarely, if ever seen.

Let w be one of the non-real solutions of the equation 2% = 1.
Consider the complex numbers p = 1 — 3iand ¢ = z + (2z + 1)i, where z € R.

a. Determine the value of [4]
i) 14+ w+w’
(i) 1+ w*+ (w*)2.

b. Show that (w — 3w?)(w? — 3w) = 13. [4]

c. Find the values of z that satisfy the equation |p| = |g|. 5]

d. Solve the inequality Re(pg) + 8 < (Im(pq))2. [6]



Markscheme

a. () METHOD 1

1-w?

— =0 Af

l+wtw? =

asw#1 R1

METHOD 2

—1++/3i

5 A1

solutionsof 1 —w? =0arew =1, w=

verification that the sum of these rootsis 0 R1
i) 1+w*+ (w*?>=0 A2

[4 marks]
b. (w— 3w?)(w? — 3w) = —3w? + 10w® — 3w® M1AT

EITHER

= -3uw?(w? +w+1) + 13w® M1
=-3w?x0+13x1 Af

OR

=-3w+10—-3uw? = 3w +w+1)+13 M1
=-3x0+13 A1

OR

—1+£+/3i

substitution by w = 3

inany form M1
numerical values of each term seen A1
THEN

=13 AG

[4 marks]

c. |pl=lgl = V1243 = /22 + (22 +1)° (M1)A1)

522 4+4r—-9=0 A1
5z +9)(z—1)=0 (M1)

[5 marks]

d. pg=(1-3i)(z+ (2z+1)i) = (T2 +3) + (1 —z)i M1AT1
Re(pg) + 8 < (Im(pg))° = (Tz +3) + 8 < (1 —z)> M1
=22-92-10>0 A1
= (z+1)(z—-10) >0 M1
z< -1, z>10 A1

[6 marks]

Examiners report

IN/A]
" IN/A]

a



[N/A]

b.
o VA
N
a. Expand and simplify (m — ;) .
4
b. Hence determine the constant term in the expansion (222 + 1) (w - %) .

Markscheme

4 2 3 4
a (2-2) =o'+ 48 (-2) +622(-2) +aw(-2) +(-2) @2
Note: Award (41) for 3 or 4 correct terms.

Note: Accept combinatorial expressions, e.g. ( ;1 > for 6.

=zt — 822+ 24 — i—g—ki—i‘ Al
[3 marks]
4
b. constant term from expansion of (2% + 1) (z — %) =—-64+24=-40 A2

Note: Award A1 for —64 or 24 seen.
[2 marks]

Examiners report

a. It was disappointing to see many candidates expanding (m — %) ! by first expanding (m — %)2 and then either squaring the result or
multiplying twice by (m — %) , processes which often resulted in arithmetic errors being made. Candidates at this level are expected to be
sufficiently familiar with Pascal’s Triangle to use it in this kind of problem. In (b), some candidates appeared not to understand the phrase
‘constant term’.

b. It was disappointing to see many candidates expanding (a: — %) ! by first expanding (a: — %)2 and then either squaring the result or
multiplying twice by (a: — %) , processes which often resulted in arithmetic errors being made. Candidates at this level are expected to be
sufficiently familiar with Pascal's Triangle to use it in this kind of problem. In (b), some candidates appeared not to understand the phrase

"constant term".

a. Find the value of sin % + sin %TW + sin %’r + sin 7% + sin %’r.
1—cos?2 .
b. Show that ———~ = sinz, x # km where k € Z.
smxT

c. Use the principle of mathematical induction to prove that

1—cos2nz

sinz +sin3z + ... +sin(2n — )z = =" neZ*, z # knwhere k € Z.

2sinx

d. Hence or otherwise solve the equation sin  + sin 3z = cos  in the interval 0 < z < 7.

(3]
2]

2]

[2]

(9]

[6]



Markscheme
T ﬁ +

V2 V2 V2 V2 V2
i 2 2

. . 3 .5 .7 .
a. sm%+sm%+sm%+sm%+sm

Note: Award M1 for 5 equal terms with \) + \) or — signs.

[2 marks]
b. 1;05 2 = 17(17.2Sin2$) m1
sinz 2sinz
= ;Si.nzz A1
ST
=sinx AG
[2 marks]
c. letP(n) :sinz +sin3z + ... +sin(2n — 1)z = %
ifn=1
. l—cos2z __ _. P .
P(1): semo— = Sinz which is true (as proved in part (b))  R1
assume P (k) true, sinz +sin3z + ... +sin(2k — 1)z = % m1

Notes: Only award M1 if the words “assume” and “true” appear. Do not award M1 for “let n = k” only. Subsequent marks are independent of this
M1.

consider P(k + 1):

1—cos2(k+1)z
2sinz

P(k+1):sinz+sin3z + ... +sin(2k — 1)z + sin(2k + 1)z =

LHS =sinz +sin3z + ... +sin(2k — 1)z + sin(2k + 1) M1

= 0 | gin(2k+ 1)z A1

2sinx

1—cos 2kz+2sin z sin(2k+1)z

2sinx

1—cos 2kz+2 sin z cos  sin 2kz+2sin’z cos 2kx
2sinx

M1

1—((1—2sin%z) cos 2k —sin 2 sin 2kz)

2sinx

M1

1—(cos 2z cos 2kz—sin 2z sin 2kz)

At

2sinz
1—cos(2kz+2z)
2sinx

_ 1-cos2(k+1)z

Il
>
-

2sinz
soiftrue forn = k, thenalsotrueforn = k +1

astrue forn = lthentrueforalln € Z© R1

Note: Accept answers using transformation formula for product of sines if steps are shown clearly.

Note: Award R1 only if candidate is awarded at least 5 marks in the previous steps.

[9 marks]



d. EITHER

1—cos4z

sinx + sin3x = cosx = =cosx M1

2sinz
= 1—cosdzx = 2sinzcosz, (sinz #0) A1
= 1— (1 2sin’2z) =sin2z M1

= sin2z(2sin2z —1) =0 M1

= sin 2z = 0 or sin 2z :% Al

2¢ =, 2x:%and2:1::‘z’—67r

OR

sinz + sin3x = cosz = 2sin2zcosx = cosz M1A1
= (2sin2z — 1)cosz =0, (sinz #0) M1A1

= sin 2z = % ofcosz =0 A1

_m 5w _m
20 =5,2z = andz =5
THEN
. _m 7 __ 5w
=g, z=gandzr =45 Af

Note: Do not award the final A7 if extra solutions are seen.

[6 marks]

Examiners report

IN/A]
" IN/A]
_' IN/A]
q [NVA]

A box contains four red balls and two white balls. Darren and Marty play a game by each taking it in turn to take a ball from the box, without

replacement. The first player to take a white ball is the winner.

a. Darren plays first, find the probability that he wins.

b. The game is now changed so that the ball chosen is replaced after each turn.

Darren still plays first.

Show that the probability of Darren winning has not changed.

Markscheme

a. probability that Darren wins P(W) + P(RRW) + P(RRRRW) (M1)

[4]

(3]



Note: Only award M1 if three terms are seen or are implied by the following numerical equivalent.

Note: Accept equivalent tree diagram for method mark.

Note: A1 for two correct.

3
=z Al
[4 marks]

b. METHOD 1

the probability that Darren wins is given by

P(W) + P(RRW) + P(RRRRW) +... (M1)

Note: Accept equivalent tree diagram with correctly indicated path for method mark.

P (Darren Win) = % + % °

YRS
[ ]
w| o
[ ]
w| o
[ ]
ol o
[ ]
| =
+

=+
1 4 4\2

or=g 1+§+ 5) +t--- A1
1

() A

3
=z AG

w| =

wo| b

Wl

METHOD 2
P (Darren wins) =P
P=.+3P MiA2

1
P:§

©o| o

P= AG

(SR

[3 marks]

Total [7 marks]

Examiners report

~IN/A]
b. [N/A]

The sum of the first n terms of a sequence {un} is given by S,, = 3n? — 2n, wheren € AR

a. Write down the value of u;. (1]



b. Find the value of ug. [2]

c. Prove that {un} is an arithmetic sequence, stating clearly its common difference. [4]

Markscheme

a. u; = 1 A1
[1 mark]

b. ug = S — S5 =31 M1A1
[2 marks]

C. Up,=98,—S,.1 M1
= (3n2 — 2n) — (3(n 1) —2(n— 1))
=(3n?2—2n)— (3n®> —6n+3 —2n +2)
=6n-5 A1
d=1up+1 —u, R1
=6n+6—-5—6n+5
=(6(n+1)—5)—(6n—25)

= 6 (constant) A1

Notes: Award R1 only if candidate provides a clear argument that proves that the difference between ANY two consecutive terms of the sequence
is constant. Do not accept examples involving particular terms of the sequence nor circular reasoning arguments (eg use of formulas of APs to
prove that it is an AP). Last A7 is independent of R1.

[4 marks]

Examiners report

o INVA]
b, IN/A]

.. INA

A given polynomial function is defined as f(z) = ap + a1z + asz® + ... + anz™. The roots of the polynomial equation f(x) = 0 are consecutive

terms of a geometric sequence with a common ratio of % and first term 2.

Given that a,—1 = —63 and a,, = 16 find

a. the degree of the polynomial; [4]

b. the value of ag. [2]



Markscheme

a. the sum of the roots of the polynomial = 8 (A1)

16
-~ l n
2 (11(21) ) =2 miA1
-7

Note: The formula for the sum of a geometric sequence must be equated to a value for the M1 to be awarded.

1\" 63 1\" 1
SO N

n=6 A1

[4 marks]

ay 1 1 1 1
b.a—n:2X1X§X2X§XE,(an:16) M1

ao:16><2><1><%><%><%><1—16

a0:275 (: 31—2> A1

[2 marks]

Total [6 marks]

Examiners report

o INA
b, [N/A]

Solve (Inz)® — (In2) (Inz) < 2(In2)*.

Markscheme

(nz)® — (In2) (Inz) — 2(In 2)* (= 0)

EITHER

lng — In2+4/(In z)2+8(ln 2)° w1
— In 2:t23 In2 A1

OR

(Inz —2In2) (Inz +2In2)(=0) M1AT1
THEN

Inz=2In2o0r-In2 A1
=z=4orz=1 (M1)A1

Note: (M1) is for an appropriate use of a log law in either case, dependent on the previous M1 being awarded, A1 for both correct answers.

solution is % <zx<4 A1



[6 marks]

Examiners report

IN/A]

A set of positive integers {1, 2, 3,4,5,6,7,8, 9} is used to form a pack of nine cards.

Each card displays one positive integer without repetition from this set. Grace wishes to select four cards at random from this pack of nine cards.

a. Find the number of selections Grace could make if the largest integer drawn among the four cards is eithera 5,a6 ora 7. [3]

b. Find the number of selections Grace could make if at least two of the four integers drawn are even. [4]

Markscheme

a. use of the addition principle with 3 terms ~ (M1)

to obtain *C3+°C3+5Cs (= 4 + 10 + 20) A1
number of possible selectionsis 34 A1
[3 marks]

b. EITHER

recognition of three cases: (2 odd and 2 even or 1 odd and 3 even or 0 odd and 4 even) (M1)
(PCyx*Cy) + (PC1x*C3) + (PCox*Cy) (=60+20+1) (M1)A1

OR

recognition to subtract the sum of 4 odd and 3 odd and 1 even from the total  (M1)

9C,—°Cy — (PC3x*Cy) (=126 —5—40) (M1)A1

THEN

number of possible selections is 81 A7

[4 marks]

Total [7 marks]

Examiners report

a. As the last question on section A, candidates had to think about the strategy for finding the answers to these two parts. Candidates often had a

mark-worthy approach, in terms of considering separate cases, but couldn’t implement it correctly.

b. As the last question on section A, candidates had to think about the strategy for finding the answers to these two parts. Candidates often had a

mark-worthy approach, in terms of considering separate cases, but couldn’t implement it correctly.



Solve the equation log, (z + 3) + logy(z — 3) =

Markscheme
logy(z + 3) + logy(z — 3) =4

log,(z> —9) =4 (M1)

> —9=2"(=16) M1A1
z? =25

r==+5 (A1)

=5 Al

[5 marks]

Examiners report

[N/A]

Find the solution of log,z — log,5 = 2 4 log,3.

Markscheme

log,z — log,5 = 2 + log,3

collecting at least two log terms ~ (M1)

eg log,s =2+ log,3 or log, &= = 2
obtaining a correct equation without logs  (M1)
eg +=120R =2 (A1)

z =60 A7

[4 marks]

Examiners report

IN/A]

Consider the following system of equations:

where A\ € R .

r+y+z=1
2c+3y+2z=3

r+3y—z=2A



a. Show that this system does not have a unique solution for any value of X . [4]

b. (i) Determine the value of A for which the system is consistent. [4]

(i)  For this value of A, find the general solution of the system.

Markscheme

a. using row operations, M1

to obtain 2 equations in the same 2 variables A41A41

for exampley —z =1

2y—2z=Xx-1

the fact that one of the left hand sides is a multiple of the other left hand side indicates that the equations do not have a unique solution, or
equivalent RIAG

[4 marks]
b. i) A=3 Al

(i) putz=pu Ml
theny=1+p Al
and x = —2p or equivalent Al

[4 marks]

Examiners report

o [NVA]
b, IN/A]
a. Solve the equation 2® = 8i, z € C giving your answers in the form z = 7(cos @ + isin #) and in the form z = a + bi where a, b € R. [6]
b. Consider the complex numbers z; =1 +iand zo = 2 (cos(%) + isin(%)). [11]

()  Write 21 in the form r(cos 6 + isin 6).
(i) Calculate 2122 and write in the form z = a + bi where a, b € R.
(i) Hence find the value of tan ?—g in the form ¢ + d+/3, where ¢, d €.

(ivy  Find the smallest value p > 0 such that (zz)p is a positive real number.

Markscheme

a. Note: Accept answers and working in degrees, throughout.



22=8 <cos(% + 27rk) + isin(% + 271'k)) (A1)

attempt the use of De Moivre’s Theorem in reverse M1

™ o T . 5T . . 57 X
z=2 (cos(g> +1sm(§>) ;2 (cos(?) —|—1sm<?>) ;
2 <cos<9—6“) —|—isin(%’r>> A2

Note: Accept cis form.
z=+v34+1i, —2i A2

Note: Award A1 for two correct solutions in each of the two lines above.

[6 marks]

b. Note: Accept answers and working in degrees, throughout.

0 2 =42 (cos(%) +isin(§)> A1A1
(i (2'2 — (\/§+i>>

2z = (1+1) (\/§+i> m1

= (v3-1)+i(1+v3) a1

(i) 2122 = 2V/2 (cos(% + %) + isin(% + %)) M1A1

Note: Interpret “hence” as “hence or otherwise”.

tan 5T — VB
2 3
=2++3 M1A1

Note: Award final M1 for an attempt to rationalise the fraction.

(iv) 2P = 2P <cis (%)) (M1)

2P is a positive real number when p = 12 A1

Note: Accept a solution based on part (a).
[11 marks]

Total [17 marks]

Examiners report

IN/A]
b, [N/A]



a. Let z = z + iy be any non-zero complex number. 8]

(i) Express % in the form v + iv .
(i) Ifz+ % =k, k € R, show that either y =0 or 2% + 3* = 1.
(iii) Show thatif 2% 4+ y* = 1 then |k| < 2.
b. Letw = cos@ +isinf . [14]
(i) Show that w" +w ™" =2cosnf,ncZ.

(ii))  Solve the equation 3w? — w + 2 — w! + 3w 2 = 0, giving the roots in the form z + iy .

Markscheme

A G N S
a. (i) = oy N T P g M)Al

z24y?2

(i) z+§:x+¢+i(y—#):k Al
forktobereal,y—zQ—Jyryz:0:>y(w2+y2—1):O MIA1

hence,y=0orz?+9y?—1=0=2>+9y> =1 AG

(i) whena?+y>=1, z++ =2z (MDAl
lz| <1 RI
= k<2 AG
[8 marks]
b. i) w ™ =cos(—nb) +isin(—nh) = cosnf — isinnfd MIAIl

= w" +w " = (cosnf + isinnh) + (cosnb —isinnh) = 2cosnf MIAG

(i) (rearranging)

3w+ w?) — (w+w)+2=0 M)
= 3(2cos20) —2cosf+2=0 Al

= 2(3cos20 —cosf+1)=0

= 3(2cos’0 — 1) —cosf+1=0 MI

= 6cos?0 —cosf —2=0 Al

= (3cosf —2)(2cosf+1)=0 Ml

s.cosf = %, cosf = f% AlAl

c0s0=§:>sin0:ig Al
cos0=—%z>sin0:j:§ Al
cw=24 M LM gy

Note: Allow FT from incorrect cos @ and/or sin 6 .



[14 marks]

Examiners report

a. A large number of candidates did not attempt part (a), or did so unsuccessfully.
b. It was obvious that many candidates had been trained to answer questions of the type in part (b), and hence of those who attempted it, many did

so successfully. Quite a few however failed to find all solutions.

Determine the roots of the equation (z + 2i)® = 216i, z € C, giving the answers in the form z = a+/3 + bi where a, beZ.

Markscheme

METHOD 1

2161 = 216 (cos +isin 2) A1

z+2i:m(cos(§+27rk)=isin +27rk))é M1)

—
[NTE]

z+2i:6(cos( —l—ﬂ)—i—lsin(%—l—%k)) Al
) 33+ 3i

2+ 2i=6 (cos  +isin ) =6 (2 +5) = -3v3+3i

w

2+2 =6 (cos 5 +isin F) = —6i A2

Note: Award A1AO0 for one correct root.

so roots are z; = 3vV3 + i, z9 = —3v3 +iand z3 = —81 M1A1
Note: Award M1 for subtracting 2i from their three roots.

METHOD 2

(av3+ 0+ 2)i)3 = 216

(a ) (a\/i) (b+2)i — 3 (av3) (b+2)2 —i(b+2)* = 2161 M1A1
(a\/_) 3 (av3) (b+2) (3(m/§)2(b+2)—(b+2)3) — 216
(av3) ~ 3 (av3) b+ 27 = 0and3(av3) (b+2) — b+ 27 =216 mrat

a <a2 -+ 2)2) = 0and 9a2(b + 2) — (b + 2)® = 216

a=0ora® = (b+2)>



ifa=0, —(b+2)*=216=b+2=—6

S b=-8 A1

(a, b) = (0, —8)

ifa? = (b+2)% 9(b+2)%(b+2) — (b+2)° =216
8(b+2)® =216

(b+2)3 =27

b+2=3

b=1

sa?=9=a=43

o (a, b) = (£3,1) A1A1

soroots are 2; = 3v3 41, 2o = —3v/3 +iand 23 = —8i

METHOD 3
(z+2i)° — (—6i)° =0

attempt to factorise: M1

((2+21) = (~60)) (2 + 20)" + (2 + 20)(~61) + (=6)°) =0 A1
(z+8i)(22 —2iz—28) =0 A1

z2+8i=0=2=-8 A1

. 24 /—4—(dx1x —28)
22-2z-W8=0=2=—"——— M1

2i++/108
2

_ 2i46V3
-T2

2=i+3v3 A1A1

Special Case:

Note: If a candidate recognises that /2161 = —6i (anywhere seen), and makes no valid progress in finding three roots, award A7 only.

[7 marks]

Examiners report

[N/A]

The complex number z is defined as z = cos § + isin @ .

(a) State de Moivre’s theorem.

(b)  Show that 2" — zin = 2isin(n#) .

(¢) Use the binomial theorem to expand (z — %) ’ giving your answer in simplified form.
(d) Hence show that 16sin°0 = sin 50 — 5sin 30 + 10sin 6 .

(e) Check that your result in part (d) is true for 6 = % .



(f) Find [,? sin®0dd .

(g) Hence, with reference to graphs of circular functions, find f05 cos®6d6 , explaining your reasoning.

Markscheme
(a) any appropriate form, e.g. (cos 6 + isin0)" = cos(nf) + isin(nf) Al

[1 mark]

(b) z" =cosnf+isinnf Al

zi” = cos(—n#b) +isin(—nb) (MI)
= cosnf — isin(nf) Al

therefore 2™ — zi" = 2isin(nf) AG

[3 marks]
© (=2 ==+ (1) (D) (5) 2D+ (5) 22+ (5) (-2 + (-1 oman
:z5—5z3—|—10z—1—f+z%—zi5 Al

[3 marks]

1)\° 1 1 1

@ (:-21) =2 -F-5(-5)+10(:-1) MLz
z P z

(2isin 9)5 = 2isin 560 — 10isin 36 + 20isinf MI1A41

16sin®0 = sin 50 — 5sin 36 + 10sinf AG

[4 marks]

(e) 16sin®f = sin50 — 5sin 30 + 10sin §
5
LHS = 16<sin g)
/3D
()

— 23 <: %) Al

RHS = sin(%) — 5sin(?%> + 10sin(%>

_ _5(2) +10 (?) MiAl

T2 2

Note: Award M1 for attempted substitution.

23 (o) w

hence this is true for 8 = % AG

[4 marks]

(O f?sin°0dd = 1 [;? (sin50 — 5sin 30 + 10sin 0)do MI

1 cos 50 5cos 36 P
T [*T + - 10cost9]0 Al

=f—6[0—(—§+§—10)] Al



8
[4 marks]

(8) [fi? cos®0dl = % , with appropriate reference to symmetry and graphs. AIRIRI

Note: Award first R for partially correct reasoning e.g. sketches of graphs of sin and cos.

Award second R1 for fully correct reasoning involving sin® and cos’.

[3 marks]
Total [22 marks]

Examiners report

Many students in b) substituted for the second term (again not making the connection to part a)) on the LHS and multiplied by the conjugate,
which some managed well but it is inefficient. The binomial expansion was done well even if students did not do the earlier part. The connection
between d) and f) was missed by many which lead to some creative attempts at the integral. Very few attempted the last part and of those many

attempted another integral, ignoring the hence, while others related to the graph of sin and cos but not to the particular graphs here.

Three girls and four boys are seated randomly on a straight bench. Find the probability that the girls sit together and the boys sit together.

Markscheme

METHOD 1

total number of arrangements 7! (A1)

number of ways for girls and boys to sit together = 3! x 4! x 2 (M1)(A1)

Note: Award M1AQO if the 2 is missing.

3!Ix4!x2
7

probability M1

Note: Award M1 for attempting to write as a probability.

2x3x4!x2
Tx6x5x4!

2
= 3 A1l

Note: Award AO if not fully simplified.

METHOD 2



x 2 x 3 (M1)ATA1

| w
X
oo
X
o=
_|_
I
X
ol w

ENIITS
X
ol w
X
(SN
X
N
X
N

Note: Accept% X % X % X 2 or

2
=z (M1)A1

Note: Award AO if not fully simplified.

[5 marks]

Examiners report

[N/A]

The following system of equations represents three planes in space.

z+3y+z=-1
T+2y—2z=15
2r4+y—2=6

Find the coordinates of the point of intersection of the three planes.

Markscheme

EITHER

eliminating a variable, x, for example to obtain y + 3z = —16 and —5y — 32 =8 M1A1
attempting to find the value of one variable M1

point of intersection is (—1, 2, —6) A1A1A1

OR
2 1 16"
attempting row reduction of relevant matrix,eg.| 1 3 1 -1 M1
1 2 -2]15,
21 -1 6"
correct matrix with two zeroes in a column,eg. |0 5 3 |-8 Al
01 3 —16,
further attempt at reduction M1
point of intersection is (—1, 2, —6) A1A1A1
Note: Allow solution expressed as ¢ = —1, y = 2, z = —6 for final A marks.

[6 marks]



Examiners report

This provided a generally easy start for many candidates. Most successful candidates obtained their answer through row reduction of a suitable

matrix. Those choosing an alternative method often made slips in their algebra.

a. Write down the expansion of (cos  + isin 0)3 in the form a + ib, where a and b are in terms of sin 6 and cos 6 . [2]

b. Hence show that cos 36 = 4cos®0 — 3cos @ . [3]

c. Similarly show that cos 50 = 16cos®0 — 20cos®6 + 5 cos 6 . (3]

d. Hence solve the equation cos 50 + cos 36 + cos @ = 0, where 6 € [—%, g} ) [6]
3 5+V5

e. By considering the solutions of the equation cos 50 = 0, show that cos -~ = <— and state the value of cos % (8]

10

Markscheme
a. (cos® +isinf)® = cos®d + 3cosd (isin ) + 3cos A(isin ) + (isinf)®  (MI)
= cos®0 — 3 cos Bsin’0 + i (300529 sin 6 — sin30) Al
[2 marks]
b. from De Moivre’s theorem
(cos@ +isinf)® = cos30 +isin30 (MI)
cos 30 +isin 36 = (cos36 — 3cos 05in20) +1i (3cos20 sinf — sin30)
equating real parts M1
cos 30 = cos®0 — 3 cos fsin’6
= cos®0 — 3 cosf (1 — 00520) Al
= cos®0 — 3 cos 0 + 3cos®d

= 4cos®0 —3cosfd AG

Note: Do not award marks if part (a) is not used.

[3 marks]
c. (cosf +isinf)® =

c0s® + 5cos*d (isin 0) + 10cos®d(isin 0)% + 10cos2d(isin 0) + 5 cos O(isin6)* + (isin6)®  (41)
from De Moivre’s theorem

cos 50 = cos’0 — 10cos®@sin®6 + 5 cos fsin’d M1

= cos°0 — 10cos>6 (1 — cos20) + 5 cos 9(1 — cos20)2 Al

= c0s°0 — 10cos®d + 10cos®8 + 5 cos § — 10cos8 + 5cos®d

.. cos 5O = 16c0s°0 — 20cos®d + 5cosd AG

Note: If compound angles used in (b) and (c), then marks can be allocated in (c) only.



[3 marks]
d. cos 50 + cos 30 + cos O

= (16c0s°0 — 20cos0 + 5 cos ) + (4cos®d — 3cos ) + cos =0 M1
16cos’0 — 16cos®0 + 3cos =0 Al

cosf (16cos40 — 16c0s%6 + 3) =0

cos 0 (4cos® — 3) (4cos?0 —1) =0 Al

.cosf = 0; i?; i% Al

S0=+5 £ j:g A2

[6 marks]
e. cosbd =0
m, (3m 5w\, Tm,
50:...5,(7,7),7,... MI)
m ., (37, 5m\, Tm,
9:...1—0,(ﬁ,ﬁ),ﬁ,... M1)

Note: These marks can be awarded for verifications later in the question.

now consider 16cos° — 20cos®0 + 5cosf =0 M1
cos @ (1600349 — 20cos?6 + 5) =0

20+/400—4(16)(5)

20 _ . _
cos“0 = = ;cos0=0 Al
cosf — + 20+ ,/400—4(16)(5)

32

. 20+,/400—4(16)(5) . )

COS 75 = {/ ——33y— since max value of cosine =- angle closest to zero  R1
x| A5H4/2556) \/5+\/5 Al

oS 15 = 18 = 8

n 5—/5
cos g = f\/ 5 AlAl

[8 marks]

Examiners report

a. This question proved to be very difficult for most candidates. Many had difficulties in following the instructions and attempted to use addition
formulae rather than binomial expansions. A small number of candidates used the results given and made a good attempt to part (d) but very

few answered part (e).

b. This question proved to be very difficult for most candidates. Many had difficulties in following the instructions and attempted to use addition
formulae rather than binomial expansions. A small number of candidates used the results given and made a good attempt to part (d) but very

few answered part (e).



¢. This question proved to be very difficult for most candidates. Many had difficulties in following the instructions and attempted to use addition
formulae rather than binomial expansions. A small number of candidates used the results given and made a good attempt to part (d) but very

few answered part (e).

d. This question proved to be very difficult for most candidates. Many had difficulties in following the instructions and attempted to use addition
formulae rather than binomial expansions. A small number of candidates used the results given and made a good attempt to part (d) but very

few answered part (e).

e. This question proved to be very difficult for most candidates. Many had difficulties in following the instructions and attempted to use addition
formulae rather than binomial expansions. A small number of candidates used the results given and made a good attempt to part (d) but very

few answered part (e).

1

Given that y = t—, use mathematical induction to prove that 373"1 = #—, neZ’.
—T

Markscheme
proposition is true for n = 1 since % = ﬁ Ml

_ 1!
"y Y

Note: Must see the 1! for the 41.

. d* |
assume true forn =k, k € Z*, i.e. d—xz = UICW MI
—

g d (%)
consider =¥ = M1)

dzktl dz
= (k+1)k!(1—z)"*-1 41
k+1)!
- Al

hence, Py, is true whenever Py, is true, and P is true, and therefore the proposition is true for all positive integers  R1

Note: The final R1 is only available if at least 4 of the previous marks have been awarded.

[7 marks|

Examiners report

Most candidates were awarded good marks for this question. A disappointing minority thought that the (k + 1)th derivative was the (k)th

derivative multiplied by the first derivative. Providing an acceptable final statement remains a perennial issue.



Consider the expansion of (1 + )" in ascending powers of , where n. > 3.

The coefficients of the second, third and fourth terms of the expansion are consecutive terms of an arithmetic sequence.

a. Write down the first four terms of the expansion.

b. () Show that n® — 9n? + 14n = 0.

(i)  Hence find the value of n.

Markscheme

n(n—1) 9

n(n—1)(n—2
a 1, ng, M0 g Ve

5 2 A1A1

Note: Award A1 for the first two terms and A7 for the next two terms.

Note: Accept <n
r

) notation.
Note: Allow the terms seen in the context of an arithmetic sum.
Note: Allow unsimplified terms, eg, those including powers of 1 if seen.

[2 marks]
b. () EITHER

usinguz —uz = us —uz (M1)

n(nz—l) = n(n—lé(n—2) B n(nz—l) A1

attempting to remove denominators and expanding (or vice versa) M1
3n? — 9n = n® — 6n% + 5n (or equivalent, eg, 6n> — 12n = n® — 3n? +2n) A1
OR

using ug + uy = 2us  (M1)

n—l—w:n(n—l) (A1)

attempting to remove denominators and expanding (or vice versa) M1
6n + n® — 3n? + 2n = 602 — 6n (or equivalent) (A1)

THEN

n®—9n?+14n =0 AG

i) nn—=2)(n—T)=00r(n—2)(n—7)=0 (A7)
n="Tonly@@sn >3 A1

[6 marks]

Examiners report

a. This was another question that was very well answered by most candidates.

2]

(6]



b. This was another question that was very well answered by most candidates. Some struggled in part (b) by attempting to find an expression for d, a
common difference, then substituting this in to further equations, where algebra tended to falter. The most fruitful technique was to apply
u3 — u2 = u4 — u3. Good presentation often helped candidates reach the final result. Correct factorisation was more often seen than not in the

final section, though a small number thought it judicious to guess the correct answer(s) here.

Chloe and Selena play a game where each have four cards showing capital letters A, B, C and D.

Chloe lays her cards face up on the table in order A, B, C, D as shown in the following diagram.

Chlee | A B C D

Selen 7/ //

Selena shuffles her cards and lays them face down on the table. She then turns them over one by one to see if her card matches with Chloe’s card
directly above.
Chloe wins if no matches occur; otherwise Selena wins.

AN
AN

Chloe and Selena repeat their game so that they play a total of 50 times.

Suppose the discrete random variable X represents the number of times Chloe wins.

a. Show that the probability that Chloe wins the game is %. [6]
b.i.Determine the mean of X. [3]
b.ii Determine the variance of X. [2]

Markscheme

a. METHOD 1

number of possible “deals” = 4! =24 A1

consider ways of achieving “no matches” (Chloe winning):

Selena could deal B, C, D (je, 3 possibilities)

as her firstcard R1

for each of these matches, there are only 3 possible combinations for the remaining 3 cards R1
S0 no. ways achieving no matches =3 x 3 =9 M1A1

so probability Chloe wins = o = > A1AG

METHOD 2

number of possible “deals” = 4! = 24 A1

consider ways of achieving a match (Selena winning)

Selena card A can match with Chloe card A, giving 6 possibilities for this happening R17



if Selena deals B as her first card, there are only 3 possible combinations for the remaining 3 cards. Similarly for dealing C and dealingD  R17
so no. ways achieving one matchis=6+3+3+3 =15 M1A1

so probability Chioe wins =1 — 3> = = A1AG

METHOD 3

systematic attempt to find number of outcomes where Chloe wins (no matches)

(using tree diag. or otherwise) M1

9found A1

each has probability% X % X % x1l M1
1

= A1

their 9 multiplied by their oz~ M1A{

_ 3

=+ AG

[6 marks]

bi.X ~B (50, %) (M1)

p=mp=>50x 35— (: 74—5) (= 18.75) (M1)A1
[3 marks]

. 3 5 750 375
b.||0'2:np(1—p):50><§x§: <_

W (=%) 1 mar

[2 marks]

Examiners report

INA]
b.i. /A

b.iiN/Al

Consider the complex numbers © = 2 4 3iand v = 3 + 2i.
(a) Given that % + % = %, express w in the form a + bi, a, b € R.

(b)  Find w* and express it in the form re?.

Markscheme

(a) METHOD 1

1 1 2-3i 3-2i

s T 3m = ae T oora MIAl
10 5—5bi
w T 13 Al
130
~ 5-5i
1305 (1+)

50
w=13+131 Al
[4 marks]



METHOD 2

1 1 342i+2+3i
Preria s (2+31)(3+2i)
E 5451 Al

MIAI

w 131
w 13
10 — 550
_ 1o (5-51)
w= (5-+5i) (5—51)
650650
- 50
=13+4+131i Al
[4 marks]

(b) wr=13—13i Al
2= +/338e 1! (: 13\/§e—§i) AlAl

Note: Acceptd = 74—".

Do not accept answers for 6 given in degrees.
[3 marks]

Total [7 marks]

Examiners report

IN/A]

An arithmetic sequence has first term @ and common difference d, d # 0 . The 3™, 4™ and 7' terms of the arithmetic sequence are the first three

terms of a geometric sequence.

a. Show thata = — %d ) [3]

b. Show that the 4'® term of the geometric sequence is the 16" term of the arithmetic sequence. [5]

Markscheme

a. let the first three terms of the geometric sequence be given by uy , uyr , u 7>

souy=a+2d,u;r=a+3dandu;r? =a+6d (MI)
atbd _ atdd 4
a+3d a+2d

a? +8ad 4+ 12d? = a? + 6ad +9d2 Al

2a+3d=0

a=-3d AG

[3 marks]
b.ulzg,ulr:%d,<u1r2:9—2d> MI
r=3 Al

geometric 4™ term wyrd = % Al

arithmetic 16" term a + 15d = —%d +15d Ml



_ 21d
=5 Al

Note: Accept alternative methods.

[3 marks]

Examiners report

a. This question was done well by many students. Those who did not do it well often became involved in convoluted algebraic processes that
complicated matters significantly. There were a number of different approaches taken which were valid.
b. This question was done well by many students. Those who did not do it well often became involved in convoluted algebraic processes that

complicated matters significantly. There were a number of different approaches taken which were valid.

Use the principle of mathematical induction to prove that

2 3 n—1
1+2<§)+3<%) +4(§) +...+n<§> =4—ZT“f.wheren€Z+-

Markscheme

ifn=1

LHS:l;RHS:4—% =4-3=1 M1
hence true forn =1

assumetrueforn = k M1

Note: Assumption of truth must be present. Following marks are not dependent on the first two M1 marks.

2 3 k-1
sol+2<%)+3<%> +4(%) +...+k(%> =4-5

ifn=k+1
1+2<;) +3(%)2+4<§)3+ +k<;)k71+(k+1) (;)k
=44 (k+1) (%)k M1A1

finding a common denominator for the two fractions M1

2(k+2) | g1
2 Tk
2(k+2)—(k+1) 4 k+3 (: 4_ (;+1)+2> A1

:4—

=4 —

2 2 PR
hence if true for n = k then also true forn = k + 1, as true forn = 1, so true (foralln € Z*) R1
Note: Award the final R7 only if the first four marks have been awarded.

[7 marks]

Examiners report

[N/A]



Expand (2 — 3z)? in ascending powers of x, simplifying coefficients.

Markscheme

clear attempt at binomial expansion for exponent 5 M1

5x4

2° 4 5 x 2 x (—3z) + 2% x 2% x (~32)% + 222

6

x 22 x (—3x)3
5x4x3x2 4 5
+ 252 % 2 x (=3z)t + (<8z)°  (4D)

Note: Only award M1 if binomial coefficients are seen.

= 32 — 240z + 72022 — 1080z3 + 810z* — 243z° A2

Note: Award A1 for correct moduli of coefficients and powers. A1 for correct signs.

Total [4 marks]

Examiners report

Generally well done. The majority of candidates obtained a quintic with correct alternating signs. A few candidates made arithmetic errors. A

small number of candidates multiplied out the linear expression, often correctly.

a. The random variable X has the Poisson distribution Po(m). Given that P(X > 0) = %, find the value of m in the form In @ where a is an [3]
integer.

b—Inc
c

b. The random variable Y has the Poisson distribution Po(2m). Find P(Y" > 1) in the form where b and c are integers. [4]

Markscheme
aP(X>0=1-P(X=0) (M1

=1—-e ™= % or equivalent A1
=m=1n4 A1

[3 marks]
b.PY>1)=1-PY =0-PY=1) (M)

=1—e2n4 _¢2ln4 y 2Ing A1
recognitionthat 2In4 =1n16 (A1)

P(Y >1)= 222 A1



[4 marks]

Examiners report

o [NA]
b, [N/A]

Use mathematical induction to prove that (2n)! > 2"(n!)?, n € Z*.

Markscheme

let P(n) be the proposition that (2n)! > 2"(n!)?, n € Z*
consider P(1):
2! =2and 2'(1!)2 = 2s0P(1) istrue R1

assume P (k) is true je (2k)! > 2F(k!)2, n e Z* M1
Note: Do not award M1 for statements such as “let n = k”.

consider P(k + 1):

(2(k + 1)) = (2k + 2)(2k + 1)(2k)! M1

2(k+1)! > (2k+2)(2k + 1)(k)22F A1

= 2(k + 1)(2k + 1)(k!)22*

> 2" (k4 1)(k + 1)(K!)? since 2k+1>k+1 R1
=2 ((k+1))° A1

P(k + 1) is true whenever P(k) is true and P(1) is true, so P(n) istrue forn € Z*© R1
Note: To obtain the final R1, four of the previous marks must have been awarded.

[7 marks]

Examiners report

An easy question, but many candidates exhibited discomfort and poor reasoning abilities. The difficulty for most was that the proposition was

expressed in terms of an inequality. Hopefully, as most publishers of IB textbooks have realised, inequalities in such questions are within the syllabus.

Prove by mathematical induction that (g) + (g) + (;l) + ...+ (n;l) = (Z),Wheren € Z,n > 3.



Markscheme

() () () () - (5)
2 2 2) 2 ) \3
show true forn =3 (M1)

LHS:(Z):l RHS:(3 —1 A1
2 3

hence true forn = 3

assume true forn = k : (2)+<3)
2 2
considerforn =k +1: <2>+(3>_~_(4)+”.+(k—1)+<k> 1)
2 2 2 2 2
~(3)+(5)
3 2

= ﬁ + ﬁ (: % {ﬁ + ﬁ}) or any correct expression with a visible common factor (A1)
k[ k—2+3 . . .
=3 {W] or any correct expression with a common denominator (A1)

_ K[ k1
3| (k—2)
Note: At least one of the above three lines or equivalent must be seen.

k+1)!
= 3(.(k_;), or equivalent A7

(1)

Result is true for k = 3. If result is true for k it is true for k + 1. Hence result is true for all k > 3. Hence proved by induction. R1

Note: In order to award the R1 at least [5 marks] must have been awarded.

[9 marks]

Examiners report

[N/A]

7
Find the coefficient of 28 in the expansion of (:c2 — —) .

Markscheme

!
each term is of the form ( 7) ()7 (%2) (M1)
T

— <:> ) (e



sold —3r=8 (A1)
r=2

N AAVENTE N 7 5
SO require (2) (z%) (T) (or simply (2> (—2)") A1

=21x4
=84 A1

Note: Candidates who attempt a full expansion, including the correct term, may only be awarded M1AOAOAO.

[4 marks]

Examiners report

[N/A]

Solve the equation 4°~! = 27 4 8.

Markscheme
272 =2"4+8 (Ml

32 =2"48 (4]

22 _4x 2% —32=0 Al

(2° —8)(2"+4) =0 (M)
2 =8=g=3 Al

Notes: Do not award final 47 if more than 1 solution is given.

[5 marks]

Examiners report

Very few candidates knew how to solve this equation. A significant number guessed the answer using trial and error after failed attempts to solve

it. A number of misconceptions were identified involving properties of logarithms and exponentials.

A geometric sequence {uy, }, with complex terms, is defined by up+1 = (1 + i)uy, and u; = 3.

(a) Find the fourth term of the sequence, giving your answer in the form z + yi, z, y € R.
(b)  Find the sum of the first 20 terms of {5}, giving your answer in the form a x (1 + 2™) where a € C and m € Z are to be determined.
A second sequence {v,,} is defined by vp, = upunik, k € N.

(¢) (i) Show that {v,} is a geometric sequence.



(il)  State the first term.

(iii)  Show that the common ratio is independent of %.
A third sequence {wy,} is defined by w, = |up, — up+1].
(d) (i) Show that {w,} is a geometric sequence.

(i)  State the geometrical significance of this result with reference to points on the complex plane.

Markscheme

(@ r=14+4i (D)

ug =3(1+i)® M1
=—6+4+6i Al
[3 marks]

Note: Only one of the two M1s can be implied. Other algebraic methods may be seen.

_ 3(72.1071) (Al
=3i(2"+1) Al
[4 marks]

(¢ () METHOD1
vy = (3(1 + i)"*) (3(1 + i)”*”’“) Mi
91+ i)k +4) 2 Al

=9(1+1)*((1+ i)2>n_ (=90 +v*e)" )

this is the general term of a geometrical sequence RIAG

Notes: Do not accept the statement that the product of terms in a geometric sequence is also geometric unless justified further.
If the final expression for v,, is 9(1 + 1)*(1 + i)>"~2? award M141R0.

METHOD 2
st g

=(1+i)(1+1i) Al
this is a constant, hence sequence is geometric RIAG

Note: Do not allow methods that do not consider the general term.

(i) 9(1+i)k A1
(ili) common ratio is (1 + )% (= 2¢) (which is independent of k) A1
[5 marks]

(d () METHOD 1
w, [3(1+4)" =31 +1)"| M1
=31 +i" 1 - (1+i)| MI
=31+ A4l



n—1
(69
this is the general term for a geometric sequence RIAG

METHOD 2
w, = [u, — (1 +1)u,| M1

= |un| [
= [u,| Al
= [3(1+1)""|

=3|(1+i)"" a1

()

this is the general term for a geometric sequence RIAG

Note: Do not allow methods that do not consider the general term.

(i) distance between successive points representing uy,, in the complex plane forms a geometric sequence  R1
Note: Various possibilities but must mention distance between successive points.

[5 marks]

Total [17 marks]

Examiners report

[N/A]

On Saturday, Alfred and Beatrice play 6 different games against each other. In each game, one of the two wins. The probability that Alfred wins

2
any one of these games is .

a. Show that the probability that Alfred wins exactly 4 of the games is %. [3]
b. (i) Explain why the total number of possible outcomes for the results of the 6 games is 64. [4]

(i) By expanding (1 + z)® and choosing a suitable value for x, prove

6 6 6 6 6 6 6
64 =
(0) " (1) i (2) " (3) " (4> i (5) i (6)
(i)  State the meaning of this equality in the context of the 6 games played.

¢. The following day Alfred and Beatrice play the 6 games again. Assume that the probability that Alfred wins any one of these games is still  [9]

2
3
(1) Find an expression for the probability Alfred wins 4 games on the first day and 2 on the second day. Give your answer in the form

2 s t
( 6 ) (%) (%) where the values of 7, s and ¢ are to be found.
r



(i) Using your answer to (c) (i) and 6 similar expressions write down the probability that Alfred wins a total of 6 games over the two

days as the sum of 7 probabilities.

12 6\ /6N [(6\ (6\ . [6\> [6\ [(6)
(iii) Henceprovethat(ﬁ)(()) +(1> +(2) +(3) +(4) +<5) +(6)'

d. Alfred and Beatrice play n games. Let 4 denote the number of games Alfred wins. The expected value of 4 can be written as [6]
E(4) =r <"> .
r=0 T

(1) Find the values of a and b.

(ii) By differentiating the expansion of (1 + )™, prove that the expected number of games Alfred wins is 2?"

Markscheme

a B(6,§> M)

[3 marks]

b. (i) 2 outcomes for each of the 6 games or 2° = 64  RI

() (1+z)f= (g) + ((;)x—f— <g)w2+ (§)x3+ (Z)w4+ (g)x5+ (2>x6 Al

Note: Accept "C, notation or 1 + 6z + 1522 + 2023 + 152* + 62° + =8

setting x = 1 in both sides of the expression R1

Note: Do not award R1 if the right hand side is not in the correct form.

oo () () () () ()= (0)+(2) o

(iii)  the total number of outcomes = number of ways Alfred can win no games, plus the number of ways he can win one game efc. R1
[4 marks]
c. (i) LetP(z, y) be the probability that Alfred wins x games on the first day and y on the second.

(D 3 4 (%)QX(S)x(é)Qx(g)“ MiAl
( )()6(é> RICIC

(i) P(Total =6) =
P(0, 6) +P(1,5) +P(2,4) + P(3,3) + P(4,2) + P(5, 1) + P(6,0) (M1)

VOO ()@



S ORURORORHRURGY

Note: Accept any valid sum of 7 probabilities.

(iii) useof(?) = (2_2> (M1)

(can be used either here or in (c)(ii))

. 12 6 6 (12
P(w1ns60utof12):(6)><(§) < (1) :fﬂ(ﬁ> Al
() )G G+ () () ())=5(5)
32\ \ 0 1 2 3 5 6 3\ 6
2 2 2 2 2 2 2
therefore(f)) +(?) +(g) +<6) + Z) +(g) +(2) _(162) AG
[9 marks]

d (i) E(A) :ér(:)@)r(%)nr:ir(:)%

(@a=2,b=3) MIAl
Note: M0AQ for a =2, b =3 without any method.

w

() n(l+a) =3 (")m’"—l AlAl

r=1 r
(sigma notation not necessary)
(if sigma notation used also allow lower limit to be 7 = 0)

letx=2 MI

n3" 1 = i (n)r2'1

r=1 \T

multiply by 2 and divide by 3" (M1)

2n " n T " ny\ o
2 _ (- 2) 4G
- ()EE50)5)

[6 marks]

Examiners report

a. This question linked the binomial distribution with binomial expansion and coefficients and was generally well done.
(a) Candidates need to be aware how to work out binomial coefficients without a calculator
b. This question linked the binomial distribution with binomial expansion and coefficients and was generally well done.

(b) (ii) A surprising number of candidates chose to work out the values of all the binomial coefficients (or use Pascal’s triangle) to make a total
of 64 rather than simply putting 1 into the left hand side of the expression.

c. This question linked the binomial distribution with binomial expansion and coefficients and was generally well done.

d. This question linked the binomial distribution with binomial expansion and coefficients and was generally well done.

(d) This was poorly done. Candidates were not able to manipulate expressions given using sigma notation.



The function fis defined by f(z) = e*sinz .

a. Show that f”(z) = 2e” sin (m + g) . 3]
b. Obtain a similar expression for f(4)(z) . [4]
c. Suggest an expression for f(2? (z),n € Z", and prove your conjecture using mathematical induction. [8]

Markscheme

a. f'(r) =e*sinz +e“cosz Al
f"(z) = e*sinxz + e cosz + e”cosz —e"sinz Al
=2e“cosxz Al
= 2¢” sin(m + %) AG
[3 marks]
b. f"(z) = 2e” sin(w + %) + 2¢” cos(m + %) Al
f@(z) = 2e” sin(m + %) + 2¢” cos(w + g) + 2¢” cos(ac + %) — 2e” sin(a: + %) Al
= 4e” cos(:c + %) Al
=4e®sin(z + ) Al
[4 marks]

c. the conjecture is that
fOM) (z) = 2"e” sin(x + "2—”) Al
for n =1, this formula gives
f(z) = 2¢" sin(a: + %) which is correct A1
let the result be true forn =k, (z e. f@)(z) = 2%e* sin (a: + %)) MI
consider f@+1 () = 2¥e? sin (m + ’“2—”) + 2%e? cos (a: + g—") Ml
FRED) (1) = 2Fe® Sin(:l,’ + k—;) + 2%e? cos (z + k—;) + 2Fe” cos(z + k{) — 2ke? sin(:c + g—”) Al
= 2FHle? cos (m + %) Al
(k+1)m

= oktlez sin(w + T) Al

therefore true for n = k = true forn = k + 1 and since true forn = 1
the result is proved by induction. RI

Note: Award the final RI only if the two M marks have been awarded.

[8 marks]

Examiners report

IN/A]



n, INVA]

c. [NA]

4
Expand and simplify (% — %) .

Markscheme

4 4 3 2 2 3 4
e YY) _ (= z _¥ z) (% z)(_Y¥ _¥
(5-2) =(5) +2(3) (-2) +6(5) () +2(5) (-5) + (-5) omen
Note: Award M1 for attempt to expand and 41 for correct unsimplified expansion.

m8—4x6y2+6z4y4—4w2y6+y8

) AlAl

4 2 2 4
=5 oany6-aL 1+ L (=

Note: Award A1 for powers, A1 for coefficients and signs.

w4y4

Note: Final two 4 marks are independent of first 4 mark.

[4 marks]
Examiners report

This was generally very well answered. Those who failed to gain full marks often made minor sign slips. A surprising number obtained the correct
simplified expression, but continued to rearrange their expressions, often doing so incorrectly. Fortunately, there were no penalties for doing so.

a. If w=2+ 2i, find the modulus and argument of w. [2]

b. Given z = cos (%ﬂ) + isin(%ﬂ) , find in its simplest form w*z5. [4]

Markscheme

a. modulus = v/8 Al

argument =  (accept 45°) Al

Note: A0 if extra values given.

[2 marks]
b. METHOD 1

w28 — 64e™ x ™ (41)(A1)

Note: Allow alternative notation.

= 64e5  (M1)
=64 Al



METHOD 2
wt = —64 (MI)(AI)

2=-1 @1
w28 =64 Al
[4 marks]

Examiners report

a. Those who tackled this question were generally very successful. A few, with varying success, tried to work out the powers of the complex

numbers by multiplying the Cartesian form rather than using de Moivre’s Theorem.

b. Those who tackled this question were generally very successful. A few, with varying success, tried to work out the powers of the complex

numbers by multiplying the Cartesian form rather than using de Moivre’s Theorem.

Given the complex numbers z; = 1+ 3iand zo = —1 —i.
a. Write down the exact values of |z;| and arg(z2). 2]
b. Find the minimum value of |z; + az2|, where a € R. [5]

Markscheme
a. |z1| = V10; arg(ze) = —% (accept %’r) AlAl

[2 marks]
b. |21 + az| = \/(1 — a)? + (3 — a)? or the squared modulus ~ (M1)(A1)

attempt to minimise 2a> — 8a + 10 or their quadratic or its half or its square root M1
obtain a = 2 at minimum  (41)
state v/2 as final answer A1

[5 marks]

Examiners report

a. Disappointingly, few candidates obtained the correct argument for the second complex number, mechanically using arctan(1) but not thinking
about the position of the number in the complex plane.

b. Most candidates obtained the correct quadratic or its square root, but few knew how to set about minimising it.



2

m .
Letw:cos%—l—lsm =

(a)  Show that w is a root of the equation 25 — 1 = 0.

(b)  Show that (w — 1)(w* + w?® + w? + w+ 1) = w’ — 1 and deduce that w* + w® + w? + w+ 1= 0.

(c) Hence show that cos 2% + cos 4% = f%.

Markscheme
(a) EITHER

w® = <cos%’r + isin 2—577>5 M1)

=cos2w +isin2w Al

=1 Al

Hence wisarootof2° —1=0 AG

OR

Solving 2> =1 (M1)

zzcos%”n—}—isin%ﬂn, n=20,1,234. Al
n = 1 gives cos 2% +isin %’T whichisw Al

[3 marks]

b (w-1)1+w+w+wi+u)=wt+w?+uw+wt+w® —1-w—w?—w—w! MI
=w’ -1 Al

Sincew® —1=0andw #1,w* +w?+w? +w+1=0. RI

[3 marks]

e 1+w+w+w +wt=
2 3 4
U s 2 U s . 2 o i . 2 o i . 2
1+cos?7r+1s1n?”+(cos%—i—lsm%) —|—(cos?ﬂ—|—1sm?7r) +(c0s%+1sm?7r) M1)
U e 2 ar .. 4 67 | . 6 87 | ... 8
=1+ cos 5 +isin F +cos = +isin = +cos = +isin = +cos = +isin = MI

A

am . .2 Ar . . 4 .. 4 o . . 2
:1+cos?7r+1sm?ﬂ+cos%+1s1n?”+cos 5 1s1n?7r—1—cos—77—1sm—7r MI1AIAl

5 5
Note: Award M1 for attempting to replace 67 and 87 by 47 and 27 .

Award A1 for correct cosine terms and A1 for correct sine terms.

:1+2cos%+2cos2§:0 Al

Note: Correct methods involving equating real parts, use of conjugates or reciprocals are also accepted.

27 4r 1
CoS %~ +Cos % = —5 AG
[6 marks]

Note: Use of cis notation is acceptable throughout this question.

Total [12 marks]

Examiners report



Parts (a) and (b) were generally well done, although very few stated that w # 1 in (b). Part (c), the last question on the paper was challenging.

Those candidates who gained some credit correctly focussed on the real part of the identity and realise that different cosine were related.

The mean of the first ten terms of an arithmetic sequence is 6. The mean of the first twenty terms of the arithmetic sequence is 16. Find the value

of the 15" term of the sequence.

Markscheme

METHOD 1

5(2a +9d) = 60 (or 2a + 9d = 12) MIAI
10(2a + 19d) = 320 (or 2a + 19d = 32) Al
solve simultaneously to obtain M1
a=-3,d=2 Al

the 15" termis —3 + 14 x 2 =25 Al

Note: FT the final A1 on the values found in the penultimate line.

METHOD 2

with an AP the mean of an even number of consecutive terms equals the mean of the middle terms  (M1)
ajo+a11
2

as+ag
2

=16 (oraio+ a1 =32) Al

=6 (oras+as=12) Al

alo —as +ai1 —ag =20 MI

5d + 5d = 20

d=2anda= -3 (oras =5o0raip=15) Al

the 15™ termis —3 +14 x 2 =125 (or5+10x2=250r15+5x 2 =25) Al

Note: FT the final A1 on the values found in the penultimate line.

[6 marks]

Examiners report

Many candidates had difficulties with this question with the given information often translated into incorrect equations.

. . . 81
A geometric sequence uq , us , U3 , - . . has u; = 27 and a sum to infinity of -

a. Find the common ratio of the geometric sequence. [2]



b. An arithmetic sequence vy , v2 , U3, ... is such that vy = ug and v4 = w4 . [5]

N
Find the greatest value of N such that > v, > 0.
n=1

Markscheme

a. u; =27
r=1 Al
[2 marks]

b. v =9
vy =1

2d=-8=d=—-4 (Al

v =13 (41
%(2 x13—4(N —1)) >0 (acceptequality) M1
N

¥ (30 - 4N) > 0

N((15—-2N)>0

N<75 M1

N=T7 41

Note: 13+9+5+1—-3—-7—11 > 0= N = 7 or equivalent receives full marks.

[5 marks]

Examiners report

a. Part (a) was well done by most candidates. However (b) caused difficulty to most candidates. Although a number of different approaches were

seen, just a small number of candidates obtained full marks for this question.

b. Part (a) was well done by most candidates. However (b) caused difficulty to most candidates. Although a number of different approaches were

seen, just a small number of candidates obtained full marks for this question.

-2

) . o 1N e [ Flarh)—f(=) L 1.
a. Using the definition of a derivative as f'(z) = }Lli% (T) , show that the derivative of 5— is P [4]
b. Prove by induction that the n** derivative of (2z + 1)~! is (—1)"%. [9]
XL

Markscheme

a. let f(z) = ﬁ and using the result f'(z) = lim(w>

h—0



1 1
I e = v
fl(z) = }Lli% —_— MIiAl
oy (20-+1]— [2(2-+h)+1]
= f'(z) = }}L%( h2(e th)+ 1221 1]
N —2
= 1'(@) = Im( gemmrmer) A
e

)AI

1) —
= f(z) = oy
[4 marks]
1
b. lety = pray
d"y _  1\n_ 2!
we want to prove that . = (—1) Ty
— dy _ 1_ 2l

dy -2 . .

T = G which is the same result as part (a)
hence the result is true forn =1 RI

. dry E_ 2k

assume the result is true forn = k: ¢ = (—1) o) Ml
g a & -
dar:k‘*'ll/ =~ I [(_1) (ij_lk;l?ﬁ] M1

k+1
iy 4 [(—1)’“2’%!(293 + 1)*’“} (D)

k+1
= S = (~)RMRI(—k - )2z + 1) F 2 x 2 Al

k+1
= Sed = (DM R+ D122 + 1) 7R (4D

artt 25 (k1)1
= GET = FUkHW Al

hence if the result is true forn = k , itistrueforn = k + 1
since the result is true for n = 1, the result is proved by mathematical induction RI
Note: Only award final R1 if all the M marks have been gained.

[9 marks]

Examiners report

a. Even though the definition of the derivative was given in the question, solutions to (a) were often disappointing with algebraic errors fairly
common, usually due to brackets being omitted or manipulated incorrectly. Solutions to the proof by induction in (b) were often poor. Many
candidates fail to understand that they have to assume that the result is true for n = k and then show that this leads to it being true for
n = k + 1. Many candidates just write ‘Let n = k&’ which is of course meaningless. The conclusion is often of the form ‘True for
n =1, n = kand n = k + 1 therefore true by induction’. Credit is only given for a conclusion which includes a statement such as ‘True for
n=k=trueforn =%+ 1".

b. Even though the definition of the derivative was given in the question, solutions to (a) were often disappointing with algebraic errors fairly
common, usually due to brackets being omitted or manipulated incorrectly. Solutions to the proof by induction in (b) were often poor. Many
candidates fail to understand that they have to assume that the result is true for n = k and then show that this leads to it being true for
n = k + 1. Many candidates just write ‘Let n = k’ which is of course meaningless. The conclusion is often of the form ‘True for
n =1, n =kand n = k + 1 therefore true by induction’. Credit is only given for a conclusion which includes a statement such as ‘True for

n=k=trueforn=k+1".



Prove by mathematical induction that n3 4 11n is divisible by 3 for alln € Z™.

Markscheme

n=1:1+11=12
=3 x 4 or amultiple of 3 A1
assume the proposition is true forn = k (ie k* + 11k =3 m) MI

Note: Do not award M1 for statements with “Let n = k.

considern=k+1: (k+1)3+11(k+1) MI
=k +3k+3k+1+11k+11 Al

=k + 11k + (3k* + 3k + 12) M1
=3(m+k +k+4) Al

Note:  Accept k* + 11k + 3(k? + k + 4) or statement that k* + 11k + (3k? + 3k + 12) is a multiple of 3.

true forn = 1,and n = ktrue = n = k + 1 true
hence true foralln € ZT RI

Note:  Only award the final R1 if at least 4 of the previous marks have been achieved.

[7 marks|

Examiners report

It was pleasing to see a great many clear and comprehensive answers for this relatively straightforward induction question. The inductive step
only seemed to pose problems for the very weakest candidates. As in previous sessions, marks were mainly lost by candidates writing variations
on ‘Let n = k’, rather than ‘Assume true for n = k’. The final reasoning step still needs attention, with variations on *

n =k+ 1true = n = k true’ evident, suggesting that mathematical induction as a technique is not clearly understood.

The sum, S,,, of the first n terms of a geometric sequence, whose n'® term is u,,, is given by

n __ .n
S, = 77—na7 where a > 0.
(a) Find an expression for w,,.
(b) Find the first term and common ratio of the sequence.
(c¢) Consider the sum to infinity of the sequence.

(i) Determine the values of a such that the sum to infinity exists.

(i)  Find the sum to infinity when it exists.



Markscheme

METHOD 1

(@) Up=Sn—Sn1 (MI)
7n7an 7n—17an—1
Al

=T e

(b) EITHER
w=1-2 Al

2 a
u2:1—‘;—2—<1—7> M1

_a
_7(1_

common ratio = = A1

~e
N———

N

~

|

T—a .
U} = ——, common ratio =

- AlAI

~| e

© () 0<a<?7 (accepa<T) Al

i) 1 Al
[8 marks]
METHOD 2

@ un=br" = () (%)H AlAl

(b) for a GP with first term b and common ratio r
b(l—T") b b
Sn= "1 = (r) - (r) o Ml

e "
as Sy, = 7n“ =1- (%)

comparing both expressions M1

b _ _a
T =landr =<
a T—a
b=1-7=—
T—a . a
u; = b= ——,commonratio=r = = AIAl

Note: Award method marks if the expressions for b and r are deduced in part (a).
) () 0<a<7 (accepta<?7) Al

i) 1 Al
[8 marks]

Examiners report



Many candidates found this question difficult. In (a), few seemed to realise that u,, = S,, — Sp_1. In (b), few candidates realised that u; = S and

in (c) that Sy, could be written as 1 — (3) from which it follows immediately that the sum to infinity exists when a < 7 and is equal to 1.

7

Lety(z) = ze3*, z € R.

. dy
Find o
d"y
dzn

Prove by induction that =n3" e 4+ 23" forn € Z7.

Find the coordinates of any local maximum and minimum points on the graph of y(x)

Justify whether any such point is a maximum or a minimum.

. Find the coordinates of any points of inflexion on the graph of y(z). Justify whether any such point is a point of inflexion.

Hence sketch the graph of y(m) indicating clearly the points found in parts (c) and (d) and any intercepts with the axes.

Markscheme

a.

C.

. let P(n) be the statement

g—z =1xe¥ 4z x 3e3 = (&3 + 3ze3*) M1AT1
[2 marks]

d"y _
o = n3" led 4 z3ned”

proveforn =1 M1
LHS of P(1)is % whichis 1 x €3 + z x 3e3* and RHS is 3%% + z3'e3* R1
as LHS = RHS, P(1) is true

assume P(k) is true and attempt to prove P(k + 1) istrue M1

d* _
assuming d—gc‘z = k3Fledr 4 g3kede
dk+ly d dky
T & (ﬂ (M1)
= k3" x 3e% + 1 x 3%e¥ + 23 x 3% A1
= (k+1)3%e3® + x3¥1e3  (asrequired) A7

Note: Can award the A marks independent of the M marks

since P(1) is true and P(k) is true = P(k + 1) is true
then (by PM1), P(n) istrue (Yn € Z*) R1

Note: To gain last R1 at least four of the above marks must have been gained.

[7 marks]

e3x+xx3e3“:0:>1+3w:0:>x:—% M1A1

2]

[7]

(5]

(5]

2]



. 1 1
point is <f§, ,g) Al

EITHER
dZ
d—'Z =2 x 3% 4 2 x 3%
i
d2
when & = —é, d—w‘z > 0 therefore the point is a minimum  M1A1
OR
|
I [E—
3
dy
il —ve 0 +ve
d;l_

nature table shows point is a minimum  M1A1

[5 marks]
dzy 2

d. — =2x3e% +z x 3% A1
dz

2x 3% +zx3%eP=0=>2+3z=0=>2=—3 MIAT

. 2 2
point is <_§= —@> Al

X _

i | b

d’y

— —ve 0 +wve
dx

since the curvature does change (concave down to concave up) it is a point of inflection R17

Note: Allow 3 derivative is not zero at —%

[5 marks]

(general shape including asymptote and through origin) A1

showing minimum and point of inflection A7

Note: Only indication of position of answers to (c) and (d) required, not coordinates.
[2 marks]

Total [21 marks]

Examiners report

a. Well done.

b. The logic of an induction proof was not known well enough. Many candidates used what they had to prove rather than differentiating what they had

assumed. They did not have enough experience in doing Induction proofs.
c. Good, some forgot to test for min/max, some forgot to give the y value.

d. Again quite good, some forgot to check for change in curvature and some forgot the y value.



e. Some accurate sketches, some had all the information from earlier parts but could not apply it. The asymptote was often missed.

The first three terms of a geometric sequence are sinz, sin 2z and 4 sin zcos’z, — g <z < %

(a) Find the common ratio r.

(b)  Find the set of values of x for which the geometric series sin z + sin 2z + 4 sin zcos?z + . . . converges.

Consider z = arccos(%), z > 0.

(¢) Show that the sum to infinity of this series is \/T

Markscheme

(a) sinz, sin2z and 4sin zcos?z

2sinz cosx

r=-——-=2cosz Al
ST
Note:  Accept %
[1 mark]
(b) EITHER
[r] <1=|2cosz| <1 MI
OR
—1<r<l=-1<2cosz<1 Ml
THEN

0<cosm<%for—%<m<%

s

™
—§<$<—3

[3 marks]

0r%<x<§ AIAI

(C) Soo — 1 j;i:s T M1
sin (arccos (% ) )
1-2cos <arccos (%) )

AlIAI

Seo =

[N plﬁl
=

Note: Award A1 for correct numerator and A1 for correct denominator.

[3 marks]

Total [7 marks]

Examiners report

[N/A]



Consider a = log,3 X logg4 x log,b X ... X logg;32. Given that a € Z, find the value of a.

Markscheme

log3 log4 log 32

Tog2 < Tog3 X X Togal MIAI
log 32

~ log2 Al
5log 2

= Togz M1)

=5 Al

hence a =5

Note:  Accept the above if done in a specific base eg log,x.

[5 marks]

Examiners report

[N/A]

Find the term independent of x in the binomial expansion of (2m2 + #)

Markscheme

attempt at binomial expansion, relevant row of Pascal’s triangle or use of general term with binomial coefficient must be seen  (M1)

223

4
term independent of z is ( 140) (2m2)6( L ) (or equivalent)  (A1)(A1)(A1)

Notes: z’s may be omitted. Also accept ( 160) or 210.

=840 A1

[5 marks]

Examiners report

[N/A]

Given that z is the complex number & + iy and that | z| + z = 6 — 2i, find the value of x

and the value of y .



Markscheme
Vet z4+yi=6-2 (4l

equating real and imaginary parts M1
y=-2 Al

Vel +d+z=6 Al

2’ +4=(6—-z) Ml
-32=-12z=>z=35 Al

[6 marks]

Examiners report

There were some good solutions to this question, but those who failed to complete the question failed at a variety of different points. Many did not

know the definition of the modulus of a complex number and so could not get started at all. Many then did not think to equate real and imaginary

parts, and then many failed to solve the resulting irrational equation to be able to find x.

Consider a function f, defined by f(z) =

a. Find an expression for (f o f)(x) .

,where 0 <z < 1.

for0<z<1.

Use mathematical induction to show that for any n € Z™*

(fofo...of)()
N’

n times

c. Show that F_,(z) is an expression for the inverse of Fy, .

d. (i) State F,(0) and F,(1).

(ii) Show that F,,(z) < z,given0<x<1,ne€Z".
(iii) Form € Z" , let A, be the area of the region enclosed by the graph of Fn_1 , the x-axis and the line x = 1. Find the area B,, of the
region enclosed by F;, and F,:l in terms of A4,, .

Markscheme

a. (fof)(z) =f(ﬁ) = 2% MiAl

(Fof)a) =15 Al
[3 marks]

b. P(n): (fo fo...of)(z) = F,(z)

n times

P1): f(z) = Fi(z)

(3]

(8]

[6]

[6]



2—x 2
.. P(1) true
assume that P(k) is true, i.e., (f o fo...of)(z) = F(z) Ml
—_————
k times

consider P(k + 1)
EITHER

(fofo...of)(z)= | fofofo...of | (z) = f(Fr(z)) MD
————— —_—

k-+1 times k times
T
- z ok (o1 Al
=f ok _(2k_1 ) T ¢
( ( )z 2k —(2k 1)z

T o z
T 9k+1 k+1
2(2’2(2’“71)2)% 2" (2" 2)e—z

Al

OR

(fofo...of)(z) = | fofofo...of | (z) = Fi(f(z)) (MI)
—_———

k-+1 times Lo
= F} <2fz> = ﬁ A
S —"
THEN
= gy, — fhale) Al

P(k) true implies P(k + 1) true, P(1) true so P(n) true foralln € Z* RI

[8 marks]
. METHOD 1

2= gy, = 2 — (2" —Lay=y MIAI

== (2" -Dz+1)y=y= @fﬁ Al
-1 "z

Fy(z) = (2"—21)m+1 Al

Fn71($) = % Mi
» ST

Fo (2) = e A
-1 _ T

F, (z) = PR TR AG

METHOD 2

attempt F_,, (Fr(z)) MI

_ . B T
~Fo (7 3) = 7o T ALl

e
_ T
22— (2" —1)z)—(2 "—1)z AlAl

Note: Award A1 marks for numerators and denominators.

= % =z AIAG

METHOD 3

attempt F, (F_,(z)) Ml

_ T - 2 (2 1)z

~ P () = F e Al

- 2"(27717(27"?1)1')7(2"71)1: AlAI

Note: Award A1 marks for numerators and denominators.




= % =z AIAG
|6 marks]
d (i) F,(0)=0, F,(1)=1 Al

(i) METHOD 1
2" -2"-Dz—-1=2"-1)(1—-2) MI)
>0if0<z<landneZ"™ Al

so2"_(2n_1)x>1anan(m):m<%(<x) RI
Fn(x):m<alcf0r0<an<1andn€Z+ AG
METHOD 2

e < - @ -z>1 M)

S@-Dr<2—1 Al

S < %::—i = 1 true in the interval |0, 1| RI

(i) B, =2 <An . %) (=24, —1) (MDAI
[6 marks]

Examiners report

. Parta) proved to be an easy 3 marks for most candidates.

b. Part b) was often answered well, and candidates were well prepared in this session for this type of question. Candidates still need to take care
when showing explicitly that P(1) is true, and some are still writing ‘Let n = k” which gains no marks. The inductive step was often well
argued, and given in clear detail, though the final inductive reasoning step was incorrect, or appeared rushed, even from the better candidates.
“True for n =1, n =k and n = k+ 1’ is still disappointingly seen, as were some even more unconvincing variations.

c. Part c) was again very well answered by the majority. A few weaker candidates attempted to find an inverse for the individual casen =1, but

gained no credit for this.

d. Part d) was not at all well understood, with virtually no candidates able to tie together the hints given by connecting the different parts of the
question. Rash, and often thoughtless attempts were made at each part, though by this stage some seemed to be struggling through lack of time.
The inequality part of the question tended to be ‘fudged’, with arguments seen by examiners being largely unconvincing and lacking clarity. A
tiny number of candidates provided the correct answer to the final part, though a surprising number persisted with what should have been

recognised as fruitless working — usually in the form of long-winded integration attempts.

The common ratio of the terms in a geometric series is 27 .

(a) State the set of values of x for which the sum to infinity of the series exists.

(b) Ifthe first term of the series is 35, find the value of x for which the sum to infinity is 40.

Markscheme

(@ 0<2°<1 MI)



x<0 Al N2

b) = =40 MI

=40—-40xr=35

= —40xr=-5 (Al

=>r=2"=1 Al

=z = 10g2% (=-3) AI

Note: The substitution 7 = 2° may be seen at any stage in the solution.
[6 marks]

Examiners report

Part (a) was the first question that a significant majority of candidates struggled with. Only the best candidates were able to find the required set of

values. However, it was pleasing to see that the majority of candidates made a meaningful start to part (b). Many candidates gained wholly correct

answers to part (b).

Parff’ is a non-zero complex number, we define L(z) by the equation 9

L(2) = In|z| +iarg(z), 0 < arg(z) < 2.

(a) Show that when z is a positive real number, L(z) =Inz.
(b)  Use the equation to calculate

(i L(-1);

() L(1—i);

Gii) L(—1+i).

(¢) Hence show that the property L(z122) = L(21) + L(z2) does not hold for all values of 21 and 22 .

Part.B f be a function with domain R that satisfies the conditions, (14]

fz+y) = f(z)f(y), forall x and y and f(0) # 0.

(a) Show that f(0) = 1.

(b) Provethat f(z) #0,forallz e R.

(¢) Assuming that f'(x) exists for all z € R, use the definition of derivative to show that f(z) satisfies the differential equation
f'(z) =k f(z) , where k = f'(0) .

(d) Solve the differential equation to find an expression for f(z) .

Markscheme



Partdh. |z| =z, arg(z) =0 AlAl

soL(z)=lnz AG NO
[2 marks]

(b) () L(-1)=Inl+4ir=ir AIAI N2
(i) L(1—1)=lnv2+ill A141 N2
(i) L(-1+i)=Inv2+i3l 41 NI

[5 marks]

(¢) for comparing the product of two of the above results with the third M1
for stating the result —1 +i= —1 x (1 —i)and L(—1+1i) # L(—1) + L(1 —i) RI
hence, the property L(z122) = L(21) + L(z22)
does not hold for all values of z1 and zo AG NO
[2 marks]
Total [9 marks]
Part. from f(z +y) = f(x) f(y)
forx=y=0 Ml
we have £(0+0) = £(0)£(0) + £(0) = (£(0))" A1
as f(0) # 0, this implies that f(0) =1 RIAG N0
[3 marks]

(b) METHOD 1
from f(z +y) = f(z)f(y)

fory=—x, wehave f(z — z) = f(z)f(—=) < f(0) = f(z)f(—z) MIAl
as £(0) # 0 this implies that f(z) #0 RIAG NO

METHOD 2

suppose that, for a value of x, f(z) =0 MI

from f(z +y) = f(x) f(y)

fory = —z, we have f(z — z) = f(2)f(—2z) = f(0) = f(z)f(—=) Al
substituting f(z) by 0 gives f(0) = 0 which contradicts part (a) RI
therefore f(z) # 0 forallx. AG N0

[3 marks]

(c) by the definition of derivative

. f(z+h)—f(z
fl(z) = ’11113)(%) M1)

— lim ( f(w)f(h);f(w)f(O) ) Al(AD)
h—0

_ s F(W)=F(0)
=T e




=f'(0)f(z) (=kf(z)) AG NoO
[4 marks]

@[5z = [kdz=nf(@)=ke+C MIAI

Inf0)=C=C=0 Al

f(z)=e* A1 NI
Note: Award M1A40A0A0 if no arbitrary constant C .

[4 marks]
Total [14 marks]

Examiners report

ParP#t A was answered well by a fair amount of candidates, with some making mistakes in calculating the arguments of complex numbers, as
well as careless mistakes in finding the products of complex numbers.
ParP&t B proved demanding for most candidates, particularly parts (c) and (d). A surprising number of candidates did not seem to know what was

meant by the ‘definition of derivative’ in part (c) as they attempted to use quotient rule rather than first principles.

. . 1 1 1 1
The first terms of an arithmetic sequence are —, ——, ——, ——, ...
logyz ’ loggz’ logsyz? log sz

Find x if the sum of the first 20 terms of the sequence is equal to 100.

Markscheme

METHOD 1

d= L L D

loggx - logyx
log,8 1
=22 Ly

logyx - logyx

Note: Award this M1 for a correct change of base anywhere in the question.

-2
_log2z (AI)
2—20(2>< L 119 x 2) Ml

log, log,

_ 400 (AI)

logyx

100 =

400
logyx

logjz=4=z=2=16 Al

METHOD 2

20t term = 1 A7
logy39@

100 = 3 (ks + ) MI

logy logy39®




logox logox

39
100?( e ) MI(AD)

Note: Award this M1 for a correct change of base anywhere in the question.

100 = 220 41

log,x

logyz =4=z=2"=16 Al

METHOD 3
1 1 1 1
logyx logg logg,z log; g
1 logy8 logy32 log,128
logyx logyx logyx logyx +. (MD(AD)

Note: Award this M1 for a correct change of base anywhere in the question.

= 1 (1+3+5+...) Al

logyx

. (22—0(2+38)) (MI)(AL)

logyx

100 = 2%

~ logyz

logzw:4éac:24:16 Al

[6 marks]

Examiners report

There were plenty of good answers to this question. Those who realised they needed to make each log have the same base (and a great variety of

bases were chosen) managed the question successfully.

Solve the equation 8%~ ! = 63%. Express your answer in terms of In 2 and In 3.

Markscheme

METHOD 1
28@D = (2 x 3)% M1

Note: Award M1 for writing in terms of 2 and 3.

2390 % 2—3 — 2396 X 33w
273 =23% 4]

In(273) =1In(3%) (M)
—3ln2=3xIn3 Al

_ In2
METHOD 2

In8®!=m6* M1
(x—1)In2® =3zIn(2 x 3) MIAI



3rIn2 -3In2=3zIn2+3z1n3

z=—122 Al
METHOD 3

In8* ! =m6* M1
(z—1)In8=3zIn6 Al

Al

r— —1n8 47

n8—31n6
3In2
- Ml

- n(Z)

Z

=-B2 41

In3

[5 marks|

Examiners report

IN/A]

Consider w = 2 (cos% + isini)

3

These four points form the vertices of a quadrilateral, Q.

a.i.

a.ii

Sketch on an Argand diagram the points represented by W, w

Express w? and w® in modulus-argument form.
1 , w? and wo.

213
Show that the area of the quadrilateral Q is T\/—

1 2

Let z =2 (cos% + isin%) , M E 7" . The points represented on an Argand diagram by zo, P A

P,.

Show that the area of the polygon P, can be expressed in the form a (b" — 1) sin%, where a, b € R.

Markscheme

a.i.

a.ii.

w? = 4cis (%r) ; w® = 8cis ()  (M1)A1A1

Note: Accept Euler form.

Note: M1 can be awarded for either both correct moduli or both correct arguments.

, 2" form the vertices of a polygon

Note: Allow multiplication of correct Cartesian form for M1, final answers must be in modulus-argument form.

[3 marks]

A1A1

[2 marks]

(3]

2]

(3]

[6]



b. use of area = %ab sinC M1

1 . T 1 . T 1 .o
5><1><2><sm§+5><2><4><s1n§+5><4><8><sm§ A1A1
Note: Award A1 for C' = % A1 for correct moduli.

_21v3

= AG

Note: Other methods of splitting the area may receive full marks.

[3 marks]

2

o
| =

Note: Award M1 for powers of 2, A1 for any correct expression including both the first and last term.
=sing x (2°+2°+2°+ ... +2"7?)
identifying a geometric series with common ratio 22(= 4)  (M1)A1

12 .o
= - Xsiny M1

Note: Award M1 for use of formula for sum of geometric series.
1 .
= 3(4” -1) sm% A1

[6 marks]

Examiners report

o IVA]

il NVA

b, IN/A]

C_' IN/A]

Find the values of n such that (1 + \/§1) " is a real number.

Markscheme
EITHER

changing to modulus-argument form
r=2

0 = arctan /3 = MI)AI

1

3
=143 = 2" (cos 2 +isin ) MI
ifsin 2 —0=n={0, £3, +6, ...} (MDAl N2
OR

0 =arctan/3 =75 (MI)(4l)

. 1 . 1 . 1 - .
><20><21><s1n%—|—5><21><22><s1n%+5><22><23><s1n%+...—I——><2n1><2”><s1n%

M1A1



[2

n€eR

= =kmkecZ Ml

=n=3k, ke€Z Al N2

[5 marks]

Examiners report

Some candidates did not consider changing the number to modulus-argument form. Among those that did this successfully, many considered

individual values of n, or only positive values. Very few candidates considered negative multiples of 3.

Partah.

(b)
(©

Parta3.
(b)
1+
(©
(1)
(i)

Use de Moivre’s theorem to find the roots of the equation 2z =1 — i .

Draw these roots on an Argand diagram.

If z; is the root in the first quadrant and zs is the root in the second quadrant, find 2—? in the forma +ib .

Expand and simplify (z — 1)(z* + 23 + 22 + = + 1) .

Given that b is a root of the equation z5 — 1 = 0 which does not lie on the real axis in the Argand diagram, show that

b+b2+b0°+b'=0.
Ifu = b+ b* and v = b* + b® show that
utv=uv=-1;

u—v:\/g,giventhatu—v>0.

Markscheme

Parta).
Let

N

z=(1-1)

1—1i=r7(cosf + isinb)

=r=42 Al

Zz =

2

T Al

V3 (cos(~2) +1sm(-2))) " amr

'S

(V2 (cos(~Z +2n7) +isin(~Z + 207) ) )

<cos< %+”—;)+isin(—%+"2—”>> Ml

cos(~ ) + isin( 5 ))

|~ o] =

1
4



Note: Award M1 above for this line if the candidate has forgotten to add 27 and no other solution given.

1
=23 (cos(%) —i—isin(%))
= 2% (cos(llfs—(),”) +isin<lf—6”))
= 2% (cos(—i—’é) +isin<—?—g)> A2

Note: Award A1 for 2 correct answers. Accept any equivalent form.

[6 marks]

(b)

v

A2

Note: Award A1 for roots being shown equidistant from the origin and one in each quadrant.

A1 for correct angular positions. It is not necessary to see written evidence of angle, but must agree with the diagram.

[2 marks]

l us .. us
(C) 2 _ 28<(cos%)+1sm<%>) MIAL
2 ((cos%)Jrisin(%))

Z1
=cos 3 +ising (4D

oo

=i AI N2
(=a=0,b=1)
[4 marks]

PartB. (z—1)(z* + 23+ 22+ 2 +1)

=’ +zt+d+2+r—2t -2 -2 —2z-1 (M)
=z°—-1 Al

[2 marks]



(b) bisaroot

f(b) =0

=1 Ml

¥—-1=0 Al

G- +8®+2+b+1)=0

b#1 RI

14+b+0b*+ b +b* =0asshown. AG
[3 marks]

© () utv=b1+3+b2+b=-1 Al
ww = (b+bH) (B> +b%) =+ b2+ 05 + b7 Al
Nowd® =1 (41)

Hence uv = % + b* + b+ 0% = -1 Al
Henceu+v=uv=-1 AG

() (u—0)?= (W +v?®) —2uww (MI)

= ((u +)” - 2’LLU) — 2uv <: (u+v)? - 4uv> (M1)Al
Givenu —v >0

w—v=1/(u+v) —duw

= )

=v1+4 Al
=45 AG

Note: Award 40 unless an indicator is given that u — v = —+/5 is invalid.

[8 marks]
Total [13 marks]

Examiners report

ParThAe response to Part A was disappointing. Many candidates did not know that they had to apply de Moivre’s theorem and did not appreciate
that they needed to find four roots.

Part B.

Part B started well for most candidates, but in part (b) many candidates did not appreciate the significance of b not lying on the real axis. A
majority of candidates started (c) (i) and many fully correct answers were seen. Part (¢) (ii) proved unsuccessful for all but the very best

candidates.

n

Consider w = cos(%”) + isin(?).

(a) Show that

() 1+w+w?>=0

(b) (i) Deduce that el + ei(0+2_i’:r) + ei<0+477r) =0.



(i)  Ilustrate this result for = % on an Argand diagram.
(c) (i) Expand and simplify F(z) = (2 — 1)(z — w)(z — w?®) where z is a complex number.

(ii) Solve F(z) = 7, giving your answers in terms of w.

Markscheme

. 3 27 . . 2 3
(a (1) w= (cos<?)+1s1n<?))
= cos(ac X 2%) +isin<3 X 2%) M1
=cos2m +isin2wr Al

=1 AG

(i) 1+w+uw?=1 —|—cos(%ﬂ) +isin(2?”> —|—cos<4—;) —}—isin(‘l—;) MIAl

:1+f%+i§f%7i§ Al
—0 AG

[5 marks]

®) () ef4e
2 (4
3 3

— et +eieei( ) +eiael(
= (ei“’ (1 + ei<%ﬂ> + ei<4_;
=e(1+w+w?) Al

=0 AG

(i)



AIAl

Note: Award 41 for one point on the imaginary axis and another point marked with approximately correct modulus and argument. Award A1 for

third point marked to form an equilateral triangle centred on the origin.
[4 marks]

(¢) (i) attempt at the expansion of at least two linear factors (M1)
(z—1)22 — 2(w + w?) +w® orequivalent (A1)

use of earlier result (M1)

F2)=(z-1)(*+z+1)=23—-1 Al

(i) equation to solveis 2> =8 (M1)

z2=2, 2w, 2w® A2

Note: Award A1 for 2 correct solutions.

[7 marks]

Total [16 marks]

Examiners report



Most candidates were able to make a meaningful start to part (a) with many fully correct answers seen. Part (b) was the exact opposite with the

majority of candidates not knowing what was required and failing to spot the connection to part (a). Candidates made a reasonable start to part (c),

but often did not recognise the need to use the result that 1 + w + w? = 0. This meant that most candidates were unable to make any progress on

part (c) (ii).

The graph of a polynomial function fof degree 4 is shown below.

(—4, 0) 2. 0)

(0, -32)

A.aGiven that (z + iy)? = —5 + 12i, z, y € R . Show that
(i) 2°—y®=-5;
(i) xy==6.

A.bHence find the two square roots of —5 + 12i .

A.cFor any complex number z , show that (2*)? = (22)* .

A.dHence write down the two square roots of —5 — 12i .

B.aExplain why, of the four roots of the equation f(z) = 0, two are real and two are complex.

B.bThe curve passes through the point (—1, —18) . Find f(z) in the form
f(z) = (z — a)(z — b)(z® + cx + d), wherea, b, c, d€ Z .

B.cFind the two complex roots of the equation f(z) = 0 in Cartesian form.

B.dDraw the four roots on the complex plane (the Argand diagram).

B.eExpress each of the four roots of the equation in the form rei? .

Markscheme

Aa() (z+iy)?=-5+12i

2?4 2ixy +i%y? = -5+ 121 Al
(i1) equating real and imaginary parts M1

2]

[5]
(3
2]
2]

(5]

[2]
[2]

[6]



22—y’ =-5 AG
zy=6 AG
[2 marks]

A.bsubstituting M1

EITHER

36
- 5 =-5

z2
zt 4522 -36=0 Al
z2 =4, -9 Al
r=H42andy=+3 (4l)
OR

36 _.2—_5
y2

yt =5y —36=0 Al

y2=09, -4 Al

y?=+43andz =+2 (4l

Note: Accept solution by inspection if completely correct.

THEN
the square roots are (2 + 3i) and (—2 — 3i) A1
[5 marks]

A.cEITHER

consider z = ¢ + iy

)
(%) =22 —y® — 2izy Al
)

N
[\
~— —
*
\
<3
M
ml
N~
>
N
~

2 _ (22)* AG
arks]
Ad(2 —3i) and (—2 + 3i) A1AI

xR
3

[2 marks]
B.athe graph crosses the x-axis twice, indicating two real roots R/

since the quartic equation has four roots and only two are real, the other two roots must be complex R1
[2 marks]

B.bf(z) = (z +4)(z — 2)(z* +cx +d) AlAl

f0)=-32=d=4 Al

Since the curve passes through (—1, —18),
~18=3x(=3)(5—¢c) MI

c=3 Al

Hence f(z) = (z + 4)(z — 2)(z® + 3z + 4)
[5 marks]

—3+4/9-16

B.cx =
z 2

(M1)

3 VT

[2 marks]



B.d.

—.- P N Le AlAl

/
]

4
rf
- - 1-)/

b P Y

Note: Accept points or vectors on complex plane.
Award A1 for two real roots and 41 for two complex roots.
[2 marks]

B.ereal roots are 4e'™ and 2e0 4141

Dy V7
considering —% tis

_ /9 T _

finding € using arctan ( 4) M1

0= arctan(%) +morf = arctan(—%) +m Al

. i . —V7
- = 2el(arctan(?>+ﬂ') or = z — 2el(arctan(—3)+w) Al
Note: Accept arguments in the range —m to 7 or 0 to 27 .
Accept answers in degrees.

[6 marks]

Examiners report

A.aSince (a) was a ‘show that’ question, it was essential for candidates to give a convincing explanation of how the quoted results were obtained.
Many candidates just wrote
(z +iy)? = 2* — y® + 2izy = —5 + 12i

Therefore 2> — y> = —5and zy = 6



This was not given full credit since it simply repeated what was given in the question. Candidates were expected to make it clear that they were
equating real and imaginary parts. In (b), candidates who attempted to use de Moivre’s Theorem to find the square roots were given no credit
since the question stated ‘hence’.

A.bSince (a) was a ‘show that’ question, it was essential for candidates to give a convincing explanation of how the quoted results were obtained.

Many candidates just wrote

(z +iy)? = 2* — y* + 2izy = —5 + 12i
Therefore 2° — y? = —5 and 2y = 6
This was not given full credit since it simply repeated what was given in the question. Candidates were expected to make it clear that they were

equating real and imaginary parts. In (b), candidates who attempted to use de Moivre’s Theorem to find the square roots were given no credit
since the question stated ‘hence’.

A.cSince (a) was a ‘show that’ question, it was essential for candidates to give a convincing explanation of how the quoted results were obtained.

Many candidates just wrote
(z +iy)? = 2* — y? + 2wy = —5 + 12i
Therefore 22 — y*> = —5 and 2y = 6
This was not given full credit since it simply repeated what was given in the question. Candidates were expected to make it clear that they were

equating real and imaginary parts. In (b), candidates who attempted to use de Moivre’s Theorem to find the square roots were given no credit
since the question stated ‘hence’.

A.dSince (a) was a ‘show that’ question, it was essential for candidates to give a convincing explanation of how the quoted results were obtained.

Many candidates just wrote
(z +iy)? = 2® — y? + iy = —5 + 12i
Therefore 2*> — y> = —5and zy = 6
This was not given full credit since it simply repeated what was given in the question. Candidates were expected to make it clear that they were

equating real and imaginary parts. In (b), candidates who attempted to use de Moivre’s Theorem to find the square roots were given no credit
since the question stated ‘hence’.

B.aln (a), the explanations were often unconvincing. Candidates were expected to make it clear that the two intersections with the x-axis gave two
real roots and, since the polynomial was a quartic and therefore had four zeros, the other two roots must be complex. Candidates who made
vague statements such as ‘the graph shows two real roots’ were not given full credit. In (b), most candidates stated the values of @ and b
correctly but algebraic errors often led to incorrect values for the other parameters. Candidates who failed to solve (b) correctly were unable to
solve (c), (d) and (e) correctly although follow through was used where possible.

B.bln (a), the explanations were often unconvincing. Candidates were expected to make it clear that the two intersections with the x-axis gave two
real roots and, since the polynomial was a quartic and therefore had four zeros, the other two roots must be complex. Candidates who made
vague statements such as ‘the graph shows two real roots’ were not given full credit. In (b), most candidates stated the values of a and b
correctly but algebraic errors often led to incorrect values for the other parameters. Candidates who failed to solve (b) correctly were unable to
solve (c), (d) and (e) correctly although follow through was used where possible.

B.cIn (a), the explanations were often unconvincing. Candidates were expected to make it clear that the two intersections with the x-axis gave two
real roots and, since the polynomial was a quartic and therefore had four zeros, the other two roots must be complex. Candidates who made

vague statements such as ‘the graph shows two real roots’ were not given full credit. In (b), most candidates stated the values of @ and b



correctly but algebraic errors often led to incorrect values for the other parameters. Candidates who failed to solve (b) correctly were unable to
solve (c), (d) and (e) correctly although follow through was used where possible.

B.dIn (a), the explanations were often unconvincing. Candidates were expected to make it clear that the two intersections with the x-axis gave two
real roots and, since the polynomial was a quartic and therefore had four zeros, the other two roots must be complex. Candidates who made
vague statements such as ‘the graph shows two real roots” were not given full credit. In (b), most candidates stated the values of @ and b
correctly but algebraic errors often led to incorrect values for the other parameters. Candidates who failed to solve (b) correctly were unable to
solve (c), (d) and (e) correctly although follow through was used where possible.

B.eln (a), the explanations were often unconvincing. Candidates were expected to make it clear that the two intersections with the x-axis gave two
real roots and, since the polynomial was a quartic and therefore had four zeros, the other two roots must be complex. Candidates who made
vague statements such as ‘the graph shows two real roots’ were not given full credit. In (b), most candidates stated the values of @ and b
correctly but algebraic errors often led to incorrect values for the other parameters. Candidates who failed to solve (b) correctly were unable to

solve (¢), (d) and (e) correctly although follow through was used where possible.



