Proof [182 marks]

13. show that (2n — 1)° + (2n+ 1)* = 8n% + 2, wheren € Z.

1b. Hence, or otherwise, prove that the sum of the squares of any two
consecutive odd integers is even.

2a. Explain why any integer can be written in the form 4k or 4k + 1 or
4k + 2 or 4k + 3, where k € 7.

[2 marks]

[3 marks]

[2 marks]

2b. Hence prove that the square of any integer can be written in the form 4t /6 marks]

ordt + 1, wheret € ZT.

The function f is defined by f(z) = Zziz forx € R, = # —g.

The function g is defined by g (z) = 2222, z € R, = # 2

z—2"

3. Express g(z) in the form A + % where A, B are constants.

4a. S SR — >
Show that NN vn+ v/n wheren > 0, n € Z.

4b. Hence show that /2 — 1 < %

4c. =
2

Prove, by mathematical induction, that r=1 >, /nforn>2, necZ.

r

2k

n

d
dan

5. Use mathematical induction to prove that
fornecZ", peQ.

[2 marks]

[2 marks]

[2 marks]

[9 marks]



6. Consider the function f (z) = ze?*, where = € R. The n'® derivative of [7 marks]
f () is denoted by £ (z).
Prove, by mathematical induction, that f(? (z) = (2"z + n2" ') **, n € Z*.
7a. Solve the inequality 2 > 2z + 1. [2 marks]
7b. Use mathematical induction to prove that 2" > n2 forn € Z, n > 3. [7 marks]
8. i [6 marks]
Use mathematical induction to prove that =17 (7!) = (n + 1) ! — 1, for
nezr.
9. Use the principle of mathematical induction to prove that [7 marks]
3 1
1+2(2) +3(3) +4(3)’+ ... +n(3)" =4- 22 wheren € Z*
10. Use mathematical induction to prove that (1 —a)" > 1 — na for [7 marks]
{n:ne€Z, n>2}wherel<a<1.
Consider the function f,,(z) = (cos2x)(cos4z)...(cos2"x),n € Z™.
11a. Determine whether f,, is an odd or even function, justifying your [2 marks]
answer.
11b. By using mathematical induction, prove that [8 marks]

o sin2"t1g mr
fo(2) = S5y 7 3¢ wherem € Z.

11c. Hence or otherwise, find an expression for the derivative of f,,(z) with [3 marks]

respect to x.

11d. Show that, for n > 1, the equation of the tangent to the curve [8 marks]

y= fo(z)atz= T isdr -2y —7=0.



12. Use the method of mathematical induction to prove that4”™ + 15n — 1 is [6 marks]
divisible by 9 forn € Z™*.

13. Prove by mathematical induction that [9 marks]

N () () (0 "), wheren € Z,n > 3

e = , Wheren n

2 2 2 2 3 T
14a.Find the value of sin 7 + sin 37:r + sin 574” + sin 774” + sin 97?. [2 marks]
14b. show that 1;‘:.052“’ = sinx, x # km where k € Z. [2 marks]

sin g
14c. Use the principle of mathematical induction to prove that [9 marks]
. . . 1—cos 2
sinz +sindz +...+sin(2n — )z = =%, n € Z", z # kr where k € Z.

14d. Hence or otherwise solve the equation sin 4 sin 3z = cos x in the [6 marks]
interval 0 < x < 7.

.. 3
152. yse de Moivre’s theorem to find the value of (cos(%) + 15111(%)) . [2 marks]

15b. Use mathematical induction to prove that [6 marks]
(cos@ —isinf)" = cosnf — isinnb forn € Z™.
Let z = cos @ + ¢ sin 6.

15c. Find an expression in terms of @ for (2)" + (2*)?, n € Z* where z*is [2 marks]
the complex conjugate of z.

15d. (i) Show that zz* = 1. [5 marks]

(i)  Write down the binomial expansion of (z + 2*)3 in terms of z and z*.

(iii)  Hence show that cos 30 = 4 cos® 6 — 3 cos 6.

15e.Hence solve 4cos? 0 — 2cos?0 — 3cosf+1=0for0< 0 < . [6 marks]



16. Use mathematical induction to prove that n(n? + 5) is divisible by 6 for [8 marks]
nezr.

17a. Show that sin (6 + ) = cos 6. [1 mark]

17b. Consider f(z) = sin(ax) where a is a constant. Prove by mathematical /7 marks]
induction that f((z) = a”sin(az + &) where n € Z* and £ (z) represents
the n'® derivative of f(z).

Let y(z) = ze®*, z € R.

18a. Find j_z_ [2 marks]

d™y
dxn

18D. prove by induction that S% = n3nle3 4 g3"e3 for n € Z*. [7 marks]

18c. Find the coordinates of any local maximum and minimum points on the [5 marks]
graph of y(x).
Justify whether any such point is a maximum or a minimum.

18d. Find the coordinates of any points of inflexion on the graph ofy(z). [5 marks]
Justify whether any such point is a point of inflexion.
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